H6 trg Sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

TICH PHAN BAT PINH

I Tinh cht ctia cac tich phan bat dinh va cic tich phan théng dung

1 Dinh nghia

V6i F (x) 1a nguyén ham cta f(x) trén (a,b) thi F'(x) = f(x),Vx € (a,b)
Tap tit c4 cdc nguyén ham cda f(x) 1a F(x) +C. Ky hiéu la:

2 Cach tinh tich phan
2.1 Hai tinh chit cta tich phan
Dé tinh biéu thic trén ta c6 thé 4p dung hai tinh chét ctia tich phan.

» Tinh chét 1. Néu v6i a, B 1a hing s6 va f(x) = ag(x) + Bh(x) thi
/f(x)dx = a/g(x)dx—kﬂ /h(x)dx

* Tinh chét 2. Tinh bét bién clia tich phan bt dinh.
Néu / f(x)dx = F(x) + C véi bién doc 1ap x thi véi moi ham kha vi u, ta c6

2.2 Cac cong tich phan thong dung

xOC

, o0 £ —1
1. /xadx: o+1 7
In(x)+C,a = —1

ax
2. =—— 1
/axdx in(a) +C,a>0,a#
3. /sin(x)dx = —cos(x)+C

4. /cos(x)dx =sin(x) +C

5. /L:tan(x)—kC

cos?(x)
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6. /smciﬁ = —cot(x)+C
7. / ; jl_xxz = arctan(x) +C
8. \/;li_xz = arcsin(x) +C

d 1
9. / A — arctan <E> +C
a2+x2 a a

dx . (X
10. /\/ﬁ = arcsin (E) +C

d
11. al zln‘x+\/x2+a‘—l—c

\/x2+a
12. /\/x2+adx:§ x2—|—a+gln‘x+\/x2—|—a’—|—C

2

13. /\/az—xzdx:%c a2—x2+%arcsin<f>+C
a

dx X T
14, [ -2 ‘t (— —)‘ C
/sm(x) fn 2+4 *

dx X T
/cos(x) . an<2+4> u’

16. /tan(x)dx: —In|cos(x)|+C

15.

W

17. /cot(x)dx:1n|sin(x)|—l—C

II Cac phuong phap tinh tich phan

1 Phuong phap déi bién

/ F(x)dx = / Fu(t))ud (1)dr

trong d6, x = u(t) 1a mot ham kha vi lién tuc sau khi tinh tich phan & vé bén phai va chuyén vé bién ci
bdi phép thé 1 = u(x).

Ta thudng st dung phuong phap ddi bién dé dua tich phan can tinh vé tich phan thong dung, d€ don gian
tich phan can tinh hodc dé kht cin thiic, khit hAm lugng gidc ngudc va ham logarit.

X
Vidul: Tinh I} = /—dx
) Vx241

Hudng ddn gidi
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Pitr = V/x2+1— 1> = x> + 1 — tdt = xdx. Khi dé:
tdt
Ilz/T:/dt:t+C:\/x2—|—1+C
Vay I = Vx2+1+C

1

mdx (a>0)

Vidu2: Tinh I, = /

Hudng ddn gidi

bit tan(r), — <1< ”
atx = atan(r), — —.
0 B ) 2 —_ —_ 2
—dx = ——=—dt
* cos?(r)
2
Lai c6: x> +a* = a*(tan’1 + 1) = 5
cos?t
Do do: . i .
L= 3 cos’tdt = B (14cos2t)dt = ﬁ(I—I—sintcost) +C
X . ) tan(z) ax
Do t = arctan —, sinf cost = tan(z).cos”(¢) = = :
a (1) (©) tan?(z) +1  x2+a?
Vay
1 X 1 X
R he R v

Bén canh do, ta c6 thé dung phép ddi bién x = asinh(t).

2 Phuong phap tich phéan tirng phan

V6i u, v 1a hai ham kha vi lién tuc cua bién x, ta c6 cong thic:

/udv =uv—vdu

Chi y: Thi ty chon ham s6 13 u :
1. Ham Logarit / Ham lugng giac ngudc
2. Ham da thtc
3. Ham lugng giac
4. Ham mu

— Meo ghi nhé: Nhit 16, nhi da, tam lugng, ti mi

Vidu 1: Tinh / (x? 4 x) sinxdx
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Hudng ddn gidi

Cfu=x+x du= (2x+ 1)dx )
bat — .Do do

dv = sin(x)dx V= —cosx
I=—(x*+x) cosx+/(2x—|— 1) cosxdx

I=—(x*+x) cosx+sinx—|—2/xcosxdx

Ta xét: I} = /xcosxdx

Uy =x duy = dx
bat — Do do:

dvy = cosxdx v; = sinx

I :xsinx—/sinxdx:xsinx+cosx+C

Nén ta c6: [ = —(x +x) cosx + 2xsinx +2cosx +sinx+C

Vidu2: Tinh [ = / > sin3xdx

Hudng ddn gidi

U = sin 3x du = 3COS(3X) dx
Dét — e3x
dv = e>dx V= 5

1 3 1
Do do: I = 3 sin(3x)e>* — %.3 cos(3x) dx = 3 sin(3x)e™ — /e3x cos(3x) dx

Xétl = /e3xcos(3x) dx

U] = cos3x du; = -3 sin(3x) dx
bat — e
dvy = e*dx V= —
3
1
Ta c6: I; = = cos(3x)e>™ + [ e¥sin(3x) dx = 3 cos(3x)e>* +1

1 1
I= 3 sin(3x)e>* — 3 cos(3x)e¥ — 1

1 1
= g sin(3x)e® — = cos(3x)e™
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Z 2.0 P x N A A L ~ ?
3 Tinh / f(x)dx véi f(x) = % 1a m6t phan thie huu ti
X
* Néu f(x) 1a mot phan thic hitu ti thuc su thi ta viét dudi dang

O(x) = (x—a)k(x—b)"... (xz—i—ocx—i—ﬁ)r (x2+yx—l— 5)S

trong dod, cac nhi thic, cac tam thuc 1a khac nhau va cac tam thic bac 2 khong c¢6 nghiém thuc, sau do ta

viét
Ay A, A B, B
B e R e i A Py N T
Mix+ Ny Morx+ N, M,x+ N,
(t+ax+B)  2trax+B)? | (P+ox+p)
Rix+L; Rox+ L, Rox+ L
(¥ +yx+6) (x2+}/x+5)2+ (24 +6)

Ta xac dinhcéchﬁng sOAy...Ax,...By...B;..My..M,...N;...N-...Ry...Ry...L...Lg bﬁngphtIdng

phép ddng nhit hé sé hoic bang cach gan cho x cic gia tri dic biét.

Tir d6 viét tich phan can tinh thanh tng tich phan phan thiic don gidn. Bing viéc tinh cic tinh phan don
gian, ta c6 thé dé dang suy ra tich phan can tinh ban dau.

* Néu f(x) 1a ham phan thiic khong thuc su, ta chia da thic P(x) cho da thic Q(x) d€ dua / f(x)dx vé
tdng clia c4c tich phan mdt da thifc va tich phan cda 1 phan thic thuc su.

X
B+1

Vi du: Tinh tich phan I = / dx
Hudng dan gidi

Ta bién d6i tich phan bang cich thém bét cac hang ti nhu sau:

x x
/x3+1 * /(x+1)(x2—x+1) *

1 x+1 1 1
Y N S N d
3/(x2—x+1) * 3/x—|—1 *
_l/(Zx—l)—i—fS
6) (2—x+1)

L[ (2x—1) 1 3 I
= [ S e [ ax— Infx+]
6/(x2—x+1) x+6/(x2—x—|—1) ¥k
1 fd(x*—x+1) 1 1 1
o) ey ta) e g
(x—2) +<T>

1 2x—1
=—In xz—x-i—l +\/§arctan
6 | | V3

1
a’x—gln]x—|—1\

A Mx—+N
3.1 +3 :
w4+1 x+1  x*—x+1
Ta thuc hién nhan cd hai vé v6i x> + 1 va bién ddi

* Céach phan tich
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=x=A (xz—x—l— 1)+ (Mx+N)(x+1)
=(A+M)x* +(M+N—-A)x+A+N

( ( _1
1
=y “A+M+N=1 < M:§
1
A+N=0 N=—
\ \ 3

Bai todn dudc giai quyét.

4 Tich phan ham luong giac

* Mot tich phan dudc goi 1a ¢6 thé hitu ti héa néu c6 thé sit dung phuong phap d6i bién dé chuyén né vé
tich phéan ciia mot phan thic hiru ti.

* Ta dung ki hiéu R(u,v) d€ chi phan thic hitu ti ciia u va v. Ki hiéu tuong tu d€ chi phan thidc hitu ti ¢6
nhiéu bién hon.

* Xét tich phan / R(sinx, cosx)dx, trong d6 ham duéi diu tich phan 1a mot biéu thic hitu ty déi véi

. , A 2, , A o A A ’, t . Pe
sinx, cosx. Ta co thé su dung phép doi bién tong quat r = tan 5 khi do

£2 . 2t p 2dt
——tanx = ——;dx =
1412 1—1¢2 1412

sinx = ?ttz;cosx =
tich phan dang xét dudc dua vé tich phan clia phan thic hitu ti clia bién 7.
Chu y: Cac truong hgp dic biét:
+ R(—cosx,sinx) = —R(cosx, sinx) thi ta dat 7 = sinx
+ R(cosx, —sinx) = —R(cosx, sinx) thi ta dét t = cosx
+ R(—cosx, —sinx) = R(cosx,sinx) thi ta dat 7 = tanx hoac r = cotx
dx
sinx(2 4 cosx — 2sinx)

Vidu 1: TinhI:/

Hudng ddn gidi

2
l‘ P
batr = tanf = x = 2arctant = dx = 2dt. Tir @6 ta cé sinx = ——53C0SX = 5 Ta co
2 1+1 1+1 1+1
2
I ned :/ 1+
2 112 2 t(t2—41+3
1+12 <2+ At 1+t2) ( )

:/<%+3(z5—3)_z—11)d’

1 5
= gln]t|+§lnlt—3]—ln\t—IH—C
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Bai toan dudc giai quyét.

2
ViduZ:TinhI:/ nx+3 .

2

sin“x +2cosZx

Hudng ddn gidi
Ta ¢6 bién d6i sau:

X
cosZx’

2tanx+ 3 2tanx+3 dx
I=] =5 dx = 2 2
sin“x +2cosZx tan®x + 2 cos*x

2t+3 2t 3
= dt = — dt
/t2+2 /(t2+2+t2—|—2>

:1n|t2+2|+iarctanL+C

V2 V2

batt =tanx = dr =

Bai toan dudc giai quyét.

* Néu tich phan c6 dang | sin™xcos” xdx, trong d6 m,n 1a cac s6 nguyén:
- Néu m 1a s6 nguyén duong 18, ta dit 1 = cosx.

- Néu n 12 s6 nguyén duong 18, ta dit ¢ = sinx.

- Néu m, n 1a cac sb nguyén duong chin, ta st dung cong thiic ha bac:

.2 I —cos2x 1 +cos2x
Sin"x = ————;c08" X = ———

roi dua vé tich phan dang / sin* 2x cos’ 2xdx.

Vi du 3: Tinh cic tich phan bét dinh: I} = / sin® xcos? xdx
Hudng ddn gidi

bt cosx =t = —sinxdx = dt ta cé:

1‘5 t3 COS5 X COS3 X

. 3 2 g N2 gy T _
/sm XCOS xdx—/(l 1°)t*(—dt) 5 3+C 5 3

5 Tich phan ham vo ti

+C

* La tich phan clia nhitng ham s6 c6 chifa 4n dué6i diu ciin, dang bai nay vo cliing phd bién va hoan toan

c6 thé st dung phucng phap hitu ti héa da nhac & trén dé chuyén vé tinh tich phan clia cac ham hitu ti.

* Ta xét cac bai toan sau:
- Bai toan 1:

/R(x’;,...,xz)dx

A ~, 2 2 ’ A N N x 7 2 A k3 , A A m r z < A .
bé huu ti hoa tich phan nay, ta tim mau s6 chung nho nhat cua cac phan s6 —,..., - sau do bién doi

n S
xX=t".
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Vidu 1:T1’nhlz/
' x(1+4 /)

Hudng dan gidi

Ham lay tich phan c6 dang R (x X / x!/ 6)
Dit x = 1% = dx = 6:°dr. Ta tinh du’(jc tich phan sau:

Orttr P41 ;01
= | —/——-.607dt=6 | ———dt=6 dt
/t6(1+t2) / 1412 / 1412

3 3
= §t4+6arctant+C: 5\3/;+6arctan\6/)_c+c

Bai todn dudc giai quyét

- Bai toan 2:

/R . ax-+b 0 ax-+b ;
"Nex+d/) 77 \ex+d

ax+b _
cx+d

Tuong tu nhu bai todn trén, ta st dung phép ddi bién:

dx
Vidu2: Tinh I =
j /\/1—2x—\4/1—2x

Hudng dan gidi

1
pit 1 —2x =r* =x=5(1-1 = —23dr

3
o P [ (12 )a
= 2(2+t+ln|t—l\)

=—v/1-2x—2v1—-2x—2In
Bai toan dudc giai quyét
e*dx

Ve +1

41—2x—1(+c

Vidu 3: Tinh [ =

Hudng dan gidi
e*dx e .
Z = [ = e dx
Ve +1 Ve +1
Ditt =vVe +1=1* =e +1=4’dt = e'dx.

*—1 4. 4
I:/ t 4t3dt=/<4t6—4t2>dt:§t7—§t3+C

4/, 7 4, 3
— (Ve 1) ——(ex 1) c
= (Vers1) =3 (Verr1) +

Tacol =

Bai to4n dudc gii quyét.

- Bai toan 3:

/R (x, \/ax2+bx—i—c) dx

H6 trg Sinh vién Bach Khoa
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Trong d6 a, b, c 12 céc hing s6 va a # 0.
Ta bién d6i tam thiic bac hai vé mot trong ba dang
al(x+ o)* + 7]
ax* +bx+c= | al(x+a)> =B, a>0
~alp?~ (x+ ) a <0
Sau d6 chiing ta st dung phép ddi bién:
1. x+o = PBtant
2. x+oa= i
cost
3. x+ a = Bsint hodc x+ o = B cost
Sau d6 dua tich phan vé dang / R (cosx, sinx) dx.
Vidu4: Tinh I = / dx
(x—1)vV—x2+2x+3
Hudng dan gidi
T
Do —x?+2x+3=4— (x—1)* nén tadit x— 1 = 2sinz = dx = 2costdr (PK:7e (—5;5> \ {0}).

7 2costdt B 1 dt N lln‘tan t ‘ LC
| 2sint.2cost 2 ) sint 2 2

) 1 Cx—1
an [ — arcsin
2 2

Bai todn dudc giai quyét.

=—In +C

2

Not how long, but how well you have lived is the main thing 9



H6 trg sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

TICH PHAN XAC PINH

I Caéc tiéu chuan kha tich

f(z) lién tuc trén [a, b]
f(x) bi chan va c6 mot sé di€ém gian doan trén [a,b] = f(x) kha tich trén [a, b]

f(z) bi chan va don diéu trén [a, b|
Néu ham f () kha tich trén [a, b], cong thiic lién hé day sb véi tich phan xdc dinh:

it e

Vi du 1. Dung dinh nghia va céch tinh tich phan xac dinh, tim cac giéi han

lim
n—oo

{1 1 1 1

E+na+5+na+2ﬁ+“'+n0z—|—(n—1)ﬁ} (8>0)

Lui giai:

n—1
1 1 1 1
I=1 — =1 _ >0
e [na na—i—ﬁ na+25+ +na+(n—1)ﬁ} nl—{go;na—i-iﬁ’(a’ﬁ )
n—1

= lim >

ol 1
de = =1
2 @ g /004+5$$ (5 n|a+ﬁ$|)

0

II Tinh chit cta tich phan xac dinh

b b b
1. Tuyén tinh: [(af(z) + Bg(x))dz = o [ f(z)dx+ B [ g(x)dz

2. Cong tinh: fbf(:zr)d:v = jf(x)dx+fbf(:r)da:
3. f(z) > g(x) Vz€la,b] = fbf(:c)dx > fbg(x)dx

4. f(x)khatichtrén [a,b],m < f(z) < M Vzx € |a,b] = Ju € [m; M] : fbf(a:)dx < pu(b—a)

5. f(x) va f(x)g(z) kha tich trén [a,b],m < f(x) < M Vz € [a,b] va g(z) khong ddi diu trén
b
la,b] = 3u € [m; M] : ff g(x)dz < p [ g(x)dx
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III Cach tinh tich phan xac dinh

o f(z) lién tuc trén [a, b] b
* Cong thic Newton-Leibniz: . f f(z)dx = F(b) — F(a)

F(z) la nguyén ham cta f(z)

* St dung cong thiic tich phan ting phan: fb udv = uv|® — fb vdu
* St dung cac phép ddi bién sb
Vi du 2.
Tinh céc tich phan sau:
e 3m/2 ;
x
a) 1/(x In x)%dz b) 0/ G

Lai gidi:
a) bat I = / (xIn x)%dz, Thyc hién tich phan tiing phan:

1

Inx e
u = (ln x)z du = 2—dx I3 2 .
= e — I = (lna:)2—|§—/—x In zdz
dv = 2%dx v = 3 / 3
3 @ @
R 2 213 2 4 2
Thuc hién tich phan tung phan: / ng Inxdr = In x%ﬁ — / §a72dx = 2—763 + o7
3 4 2 5 2
_e__(_€3 —):—63——
3 27 27 27 27
3T s 3T
7 d 7 d 7 d
b) = /—xdx:/—xdx+/—xdx
cosx + 2 cosx + 2 cosx + 2
0 0 T
batu = tanE & r=arctanu — dr = ——du
2 14+ u?
_ 2u 1 —u?
Ta co: sinx = ;COST =
u? +1 14+ u?

: zdu y = 2 ' 2 1 2
1+ u 14w
I = _ e d d
- / 1—u2+/ 1 —u? /3+u2 u+/3+u2u
+ — 24+ —— —c0
L V3 23 53
| = 37T+T7T:T7T

2
= | arctan —
Tuy nhién, khi tinh tich phan x4c dinh, trong mot s6 trudng hop, viéc tinh nguyén ham rat phic tap, ta

can khai th4c tinh chit dic biét clia can tich phan va tinh chén, 18, tudn hoan ctia ham sb.



H6 trg sinh vién Bach Khoa

CLB H6 Tr¢ Hoc Tap
Vi du 3. Chiing minh ring néu f(x) lién tuc trén [0, 1] thi:
/2 /2 n n
a) / f(sinz)dz = / f(cosx)dx b) /xf(sin x)dr = /gf(sin x)dx
0 0 0 0

Ap dung tinh tich phan sau:

s
 sin xdx
1+ cos?z
0

Loi giai:

a) f(x)lién tuc trén [0, 1] nén f(sinx) va f(cosx) kha tich trén [0, g]
w/2
Xét tich phan [ = / f(sinz)dz. DSi bién t = g — = dz = —di.
0

Péican: Khiz =0 =t = ~; khiz = ~ = ¢ = 0.Ta ¢6

0 2 /2 2 w/2
I:/f(sin(g—t)).(—dt):/f(sin(g—t))dt:/f(cost)dt.
w/2 o ” 0 0
Suyra:/f(sina;)da;:/f(cosa:)da: (dpcm).

0 0

r . r=0=t=m
b) XétJ = /xf(sinx)dx.{)étm =m —t = dr = —dt. Doi can: . Ta cé:

9 r=nm=1t=0

J= /<7r — &) f(sin(r — £)).(—dt) = /(w _ ) f(sin(r — )t
_ /(7r ) f(sin )t — /ﬂf(sint)dt _ /tf(sint)dt
Tac la: J = /ﬂ'f(SiIlt)dt— J=J= %/wf(sint)dt = g/f(sint)dt.

™

= /xf(sinx)dx:/gf(sint)dt(dpcm)
0

0

Ap dung tinh tich phan sau:

™

/ x sin xdx
1+ cos?z

0

Ap dyng déing thic § cau b, v6i f(z) = 5 12 ham lién tyc trén [0, 1].
— T



= f(sinz) =

™

/

0

x sin xdx

1+ cos?z

sinx

1+ cos?z
i

|

0

.Ta co:

7 sinxzdx

HG trg sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

__E/ﬂ d(cos z) 7 R =

21+ cos2x

= ——arctan(cosx = —.
2 1+ cos?z 2 ( )0 4

0
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TICH PHAN SUY RONG

I Tich phan suy rong loai 1

1 Pinh nghia

Gia st f(z) 1a ham s6 x4c dinh trén khoéng [a, +00)] va kha tich trén moi doan hitu han [a, 4], (aA <
+00).

Dinh nghia 1. Gidi han cua tich phan / f(z)dz khi A — +oo dugc goi la tich phan suy rong cia ham
s6 f(z) trén khoang [a, +) va ky hiéu nhu sau

+oo A
/f(x)dx:Angrrloo/a f(z)dz

Néu gidi han nay ton tai hitu han ta néi tich phan suy rong hoi tu.

Ngudc lai, néu khong ton tai gidi han nay hoic gidi han bang vo cuing ta néi tich phan dé phén ky.

2 Cac tiéu chuan héi tu

Pinh Iy 1: Tiéu chuin so sanh
1. Gid stt f(x) va g(z) kha tich trén moi khodng hitu han [a,b] v6i b > a va ta ¢ bét ding thic:
0 < f(z) < g(x),Vx € |a,+00). Khi do:

“+o00 —+00

i) Néu /g(m)dm hoi tu thi/f(m)dm hoi tu;

a
+oo

ii) Néu / f(z)dz phan ky thi / g(x)dx phan ky.

2. Gia st f(x) va g(x) 122 ham s6 duong kha tich trén moi doan hitu han [a, b] v6i b > a va hrJ]ra M=) (x) =
z—+o00 g

~—

—+00

k(0 < k < 400). Khi do, / f(z)dx va / g(x)dx cung hoi tu hodc cung phan ky.

Pinh ly 2: Cho f va g la 2 ham ) dUOng trén [a, +00). Néu f(x) va g(x) 1a cdc VCB hoidc VCL, va
+oo

f(z) ~ g(x) khi x — +o0 thi / f(z)dx va / g(x)dx cing hoi tu hodc cung phan ky.

a

Hé qua Cho f va g 1a 2 ham sb duong trén [a, +00). Khi dé:
+oo

+00
1. Néu lim J@) =0va / g(x)dz hoi tu thi / f(z)dx hoi tu.
z=+o0 g(x)
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+oo +oo

2.Néu lim f@) _ +00 va / g(z)dz phan ky thi / f(x)dx phan ky.
T—+00 g(l’)

Vidu 1. Xét su hoi tu cia cac tich phan sau:

+oo +oo
In(1 + z) / dx
a ————dx b —_—
) / - [ A=

Loi gidi:

In(1 1
a) bat f(x) = n(—:—aj) ,g(x) = =7 la cac ham duong, lién tuc trén [1, +0o0].
x x
In(1+ x)
In(1
Xét gidi han: lim @) — lim —2ZX  — lim n(l+e) (Dang E)
r—400 g(x) r—400 1 r—+00 ﬁ o0
o
1
2 2
(Dung I’Hospital) = lim HTx = lim Ve = lim ﬁ = 0.
T—+00 z—+oo 1 + z—+oo I
2\/x
+0o0o +oo

]- o 2 » N 3
Ma / g(x)dx = / —37zdx hoi tu theo tiéu chuan so sanh (vi a = 5> 1)
T

1 1
+oo

+oo
In(1 0
= / flz)dz = / n(—;irx) hoi tu theo tiéu chuin so sanh.
T
1

1

> 0 lién tuc trén [1, +00].

DI = s

Khi z — +o0 thi

—+00

1 1 1 . 3
it ~ N ma / de hdi tu theo ti€u chuan so sanh (vi o = 5 > 1)

1

—+oo “+oco
dx R
= z)dr = / —— hoi tu theo tiéu chuan so sanh.
/f() | e

II Tich phan suy rong loai 2

1 Dinh nghia

Gia stt f(z) 1a ham sb xdc dinh trén khoang [a, b) va kha tich trén moi doan [a,t], (¢ < b bét ky), va
lim,_,;, f(x) = co. Piém z = b dugdc goi 1a di€ém bt thuong (diém ky di) cia ham s6 f(x).

k
Dinh nghia 2. Gidi han cuda tich phan / f(z)dz khi k — b— dudc goi la tich phan suy rong ctia ham

s6 f(x) trén khoang [a, b) va ky hiéu nhu sau

/b ayds = Jimy [ " Ja)da

a
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Néu gidi han nay ton tai hitu han ta néi tich phan suy rong hoi tu.

Ngudc lai, néu khong ton tai giGi han nay hoic gidi han bang vo cing ta néi tich phan dé phén ky.

2 Cac tiéu chuan héi tu

Pinh Iy 1: Tiéu chuin so sanh
1. Gia st f(z) va g(x) kha tich trén [a,b) va c6 cling b 1a di€ém bit thudng va ta c6 bat ding thic:
0 < f(z) < g(x),Yx € |a,b). Khi do:
b b
i) Néu /g(az)daz hoi tu thi /f(a:)da: hoi tu;

a

b b
ii) Néu /f(x)dw phan ky thi /g(x)dx phan ky.

a

f(x)

2. Gid st f(z) va g(x) kha tich trén [a,b) va ¢6 cung b la diém bat thudng va ta c6 hn}) ﬂ = k(0 <
T—=b g\
b

b

k < +00). Khi do, / f(z)dx va /g(x)dx cung hdi tu hodc cung phén ky.

Dinh Iy 2: Gid st f(x) va g(x) kha tich trén [a, b) va c6 cung b 1a diém bat thudng. Néu f(x) va g(x)
b b

la cac VCB hodc VCL, va f(x) ~ g(z) khi z — b— thi /f(:zc)dx va /g(:z:)d:c cung hoi tu hodc cung

a

phan ky.
Hé qua Cho f va g 1a 2 ham s6 duong trén [a, b). Khi dé:
b b

1. Néu lim /@) =0va /g(m)d:c hoi tu thi /f(x)d:v hoi tu.

z—b g(z)
o b
2. Néu lim @) = 400 va /g(:p)dz phan ky thi / f(z)dz phan ky.
z—b g(x)

Vi du 2. Xét sy hoi tu cta cac tich phéan sau:

1 1

dx Vadr
2) / ro—— b) / Vi

0 0

Loi giai:
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a) Nhan thiy: f(z) = tanz — x dong bién trén (0, +o0) = 0 = f(0) < f(x) < f(1) < 2.
Tich phéan da cho 1a tich phan suy rong c6 diém bat thudng 13 z = 0.
1
Khi z — 0T, ta co: =

tanx — x x3 ~ s
9c+§—|—0(x3) -z

1 ]

1 3
Mat khac / de phankyvia =3¢ (0,1) = /de phan ky.
0

0
1

dx . . . )
= / —— phén ky theo ti€u chuan so sanh.
tanx — x
0

d
by Pit f(z) = Y29 > 0 lien e wén [0, 1).

VA

Diém bat thudng clia tich phan suy rong 1a z = 1.
1 1
Khi z — 17, ta co: 7 Ve ~N— 15
VIi—zt2 JA-2)0+z+22+23) V3 (1-a)
1

Talaicé/ . ! dx hoi tu (do 16(0 1))

D = ————dx u(doa ==

. \/g (1 _x)1/2 < v 2 %)

0

1
d,ﬁf N. oQ Jo ,
= ﬁdx hoi tu theo ti€u chuan so sanh.
— X
0

8



H6 trg sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

CAC UNG DUNG CUA TICH PHAN XAC PINH

I Tinh dién tich hinh phang

- Néu D gidi han béi cdc dudng < y = f,(z),y = fo(x)  thi
)

y=cy=d
- Néu D gi6i han béi cic dudng { = a(y),r = g2(y) thi

91(y), 92(y) € Cle; d]

S(D) = / oy An

- Néu D gi6i han bdi céc dudng { o = a,z = b thi

S0) = [ (o' (0lds

t1

trong d6 gia thiét rang phuong trinh z(t) = a, 2(t) = b c6 nghiém duy nhét 1an lugt 12 ¢y, ,
r=ri(p),r =r2(p)
- Néu D gi6i han bdi cdc dudng ¢ v = a, o = b thi

r1(p), m2() € Cla; b]

S0) =5 [ 1) = rip)lde

Vi du 1. Tinh dién tich hinh phang gidi han béi
a) Parabol y = 22 4 4 va dudng thang z — y +4 = 0

b) Dudng cong y = 3 va cdc dudng y = z, y = 4z, (x > 0)



c)
d)
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DPuong tron 22 + y? = 2z va parabol y? = x

buong y? = 2? — 2*

Huéng dan giai:

a)

b)

d)

Phuong trinh hoanh d6 giao diém ctia parabol va dudng thang la:

x=0 Can e < C s S
PH+i=r+4& [ . . Hai d06 thi cat nhau tai cac diém (0,4) va (1, 5).
Tr =

1
1 2 3

1

~ S = e = (L) | =2

/O(az x%)dx (2 3>‘0 6

Do tinh chit déi xiing cia ham qua tim O do cdc ham déu 12 ham 18 nén xét dién tich S; 1a nia
trén ctia do thi (z > 0).

Ta co:

\ 15
Khi do6 dién tich can tim la: S = 25 = 5
Do ham s6 ctia dd thi chin dbi véi y nén ta xét y > 0.
Khi d6 cédc phuong trinh tré thanh: y = /22 — 22 vay = \/x

Dién tich nita trén cia do thi tao véi truc Ox 1a:

51:5—/01(@—\/@@

2
1 1
Xét tich phan: [ = / V2x — 22dr = / V1—(z—1)%dz.
0 0

bitr — 1 =sinf =0 € [—g,O}

0

0 0 q 20 in 20
Khide: T = [ cos2odo= | —8205_ (50 _T
- e 2 2 4 . 4
2 2 2
m T 2 3 ! T 2 T 4
Vaiv S, =~ — (L 23| =224+ 220929295 = 4=
ay o1 5 (4 3$2)0 4+3 1 2—|-3

biéu kién xdc dinh: 22 —2* >0« -1 <2 <1
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Do ham da cho chin ddi v6i ca x va y nén ta xét mién dd thi & géc phan tu thit nhit D dugc gidi

102 <1
han bdi:
y=VZ
biatr =sinf = 0 € O,g},tacé:

1 1
S(D) = / Va2 — zidr = / V1 — 22dx
0 0

:/QSiHQCOSQGdQZ—/2(30828(1(3089
0 0

|
. 3

cos® 6
3

Tinh thé tich vat thée

- Néu D dugc cat bsi cac 1at vuong goéc v6i Oz va xac dinh dugc dién tich thiét dién tai diém = € [a; b]
la S(z) thi

V(D) = /abS(x)dx

- Néu D dudgc cit bdi cac 1at vudng goc véi Oy va xéc dinh dude dién tich thiét dién tai diém y € [c; d]
la S(y) thi

- Néu D 1a vat thé tron xoay dudgc tao thanh khi quay hinh thang cong y = f(z),y = 0, a < 2 <
b, f(x) € Cla;b] quanh truc Oz thi

V(D) = / ’ Hapds

-Néu D 1a vat thé tron xoay dugc tao thanh khi quay hinh thang cong 7 = g(y),z = 0,c <y < d, g(y) €
C|c; d] quanh truc Oy thi

V(D) = 7?/ 9(y)*dy

- Néu D la vat thé tron xoay dugc tao thanh khi quay hinh thang cong y = f(z),y = 0,a < z <
b, f(x) € Cla; b] quanh truc Oy thi

V(D) = 27r/ o|f (@)|dz
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-Néu D 1a vat thé tron xoay dudc tao thanh khi quay hinh thang cong 7 = g(y),z = 0,c < y < d, g(y) €
C|c; d] quanh truc Oz thi

V(D) = 27r/ ylg(y)|dy

Vi du 2. Tinh thé tich ctia vat thé 1a phan chung ctia hai hinh tru 22 + 32 < a? vay? + 22 < a? a > 0
Huéng dan giai:
Do c4c ham déu chin db6i véi x, y, z = Vat thé dbi xiing qua ca ba truc toa do Decartes.

Xét phan vat thé 1a phan chung ctia hai hinh tru c6 1an lugt phuong trinh 1a 22 + 4% < a? va y? + 2% < a?
& géc phan tam thi nhat (nhu hinh vé).

Xét mit giao bdi hai hinh tru ¢6 phuong trinh 2% + y* < a? va y? + 22 < a?. Suy ra:
r=z=+/a*—y>

Khi d6 xét thiét dién tao béi mit phiang song song véi truc Oy véi phan vt thé dang xét, khi d6 thiét dién

12 mot hinh vudng c6 canh r = /a2 — y2. Do d6 dién tich ctia thiét dién la:
S(y) = a* =y

Khi d6 theo cong thiic tinh thé tich vat thé ting vdi thiét dién ta co:

a a 3 |a 2
V= / S(y)dy = / (a® - y?)dy = (a®y — L)| = za®
0 0 37, 3
e oA @ Ao y U6 4
Suy ra thé tich cua vat thé can tinh la: V = 8V’ = Ea

Vi du 3. Tinh thé tich khéi tron xoay tao nén khi quay hinh gi6i han béi cac dudng y = 22 — 22 vay = 0.
a) Quanh truc Ox mot vong.
b) Quanh truc Oy mot vong.

Huéng dan giai:
a) Phuong trinh hoanh do giao di€ém ctia hai duong la:

2 —x2=0< [x—

T =2
2 2 16
:>V:7r/ (21’—1‘2)2dl‘:ﬂ'/ (x4—4$3+4x2)dquﬁﬂ'
0 0

b) Thé tich ctia khbi tron xoay dudc tinh theo cong thiic:

2 2 22t
Voy = 27T/ xf(z)dr = 27?/ (22 — 2%)dr = 27 (— - —)
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III Tinh do dai duong cong

Céc budc thiét 1ap cong thic tinh do dai dudng cong:
Budc 1 (Vi phan): Chia dudng cong thanh nhiing phan rat nho ds.

ds =/ (dx)? + (dy)?

Budc 2 (Tich phan): Do dai dudng cong S chinh 1a tdng dién tich cac phan rat nhé & trén:

S(C) = / ds
c
a<x<b
- Néu C gidi han béi cac duong = f(x) thi
f(z) € Cla; 0]

b
5(C) = / VIt @)de

c<y<d

- Néu C gi6i han béi cac dudng { = = g(y) thi

9(y) € Cle; d]

S(C) = / VI 19wy

. r=ux(t),y =1yt
- Neéu C' gidi han bdi cac duong 0y = () thi
t) <t <t
to
s(C)= [ VI @OP + [y(®)]dt
t1
PP o T =T(P) \
- Néu C' gi6i han bdi cac dudng thi
a<p<p
B
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Vi du 4. Tinh d6 dai duong cong
v ) )
em + . khi x bién thién tif 1 dén 2

a) y=In
6_

xza(cost~|—lntan—> ) T .o
b) 2/ khi t bién thién tir o dén ., (a > 0).
Yy =asint

Hudng dan giai:

2) | e’ +1 L e’ e’ —2e”
= n = —_ =

y er — y et +1 er—1 e2@—-1
462:): (6293 + 1)2
=¢y24+1l=— " 41=-"7
yo (€2 — 1)2 T (€2 — 1)2

Khi d6 do dai dudng cong can tinh 1a:

2€2x+1 y ) )
L= de.Patt = e*® — 1 = dt = 2e**dx = 2(t + 1)dx
1

e —1
Khi do:
N 1 1
D- [ ol
21 2t(t+1) t 2(t+1)
1 et—1
= (lnt — =In(t + 1)>
2 e?—1
= (In(e* = 1) —2) — (In(e* — 1) — 1)
2
1
:111(62—|—1)—1:1n(e i )
e
ot
tan® - +1 1
b) Tacod: 2/(t) = a | sint + —2t =a(—sint + —)
9 tan - sin ¢
y

y'(t) = acost

1
= /a2(t) + y?(t) = ay/sin’ t + —5— — 2t cos? ¢
sin“t
1
=ay/ —5- — 1 = a|cot |
sin” ¢

b0 dai duong cong:

™

3 2 d(sint
L :/ a| cot t|dt = a/ (s.m )
™ z sint

3

ol

= aln(sint)

ol

=aln

2
V3

CLB H6 Tr¢ Hoc Tap
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IV Tinh dién tich mat tron xoay
Cach thiét 1ap cong thiic tif lugc dd vi phan: Vi phan cda dién tich mit dS = 27| f(z)|ds, v6i ds dugc
tinh bdi:

ds =/ (dx)? + (dy)?

a<x<b

- Néu S 1a mit tron xoay dudgc tao thanh khi quay dudng cong y= f(x) quanh truc Oz thi

f(x) € Cla; 0]

b
§ =on / @V @)de

c<y<d

- Néu S 12 mit tron xoay dudgc tao thanh khi quay dudng cong < 7 — q(y) quanh truc Oy thi

9(y) € Cle; d]

S =on / eIV 1 @)dy

Vi du 5. Tinh dién tich mat tron xoay tao nén khi quay cac dudng sau

a) y=sinz,0 <z < g quay quanh truc Ox

1
b) y= §(1 —z)%,0 < x < 1 quay quanh truc Oz

Huéng dan giai: St dung cong thic tinh dién tich mit tron xoay:

S = 27T/ fx)/ 1+ f?(x)dx

a) S = 2#/2 sinzV'1 + cos? xdx
0
bitt = —cosz,(—1 <t <0) = dt =sinzdz
Khi do:

0
S = 27r/ Vi2 4+ 1dt
—1

0

=2 <%tm+%ln <t+\/m>>
= <\/§—1n(\/§— 1))

-1



HG trg sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

1
b) Tacé:y' = —(1—xz)*= S = 27r/ %(1 —2)*/1+ (z — 1)4dx

0

dt = 4(x — 1)3dx

1
S:%/ V1t tdt
0

27 31
= gg(l—i—t)?‘o

-1 ()
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