H6 trg Sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

DAY SO

1 Dinh nghia

Mot anh xa f : N — R 1a mot day s thuc.
n—s x, = f(n)

Day so0: x1,x2,...,xp

2 Gidi han day so
2.1 PDinh nghia

. 1i_r>r1 up=a,ac R Ve>0,3N(e),VvneN;n>N(€) : |lup—a| < €
n—oco

e limu, =+ VM >0,dIN,Vn € N,n>N: |u,| >M

n—oo

2.2 Cic tiéu chudn ton tai giéi han hitu han

+ Tiéu chuin don diéu bi chin: Néu mot ddy sb ting, bi chin trén hoic giam, bi chin dudi thi diy sd

do co gidi han hitu han.

o Tiéu chuén kep: Cho ba day (x,), (), (z4) théa man x, <y, <z, Vn>a,a € N* va

lim x, = lim z, = L. Khi d6 lim y, = L.
n—oo n—oo n—oo

» Tiéu chuén Cauchy: Diéu kién can va di dé day sb (u,) c6 gi6i han hitu han 1a:
Ve > 0,3N(e);Vm,n € Nym,n > N(€) : |y —uy| < €

Vi du 1. Xét su hoi tu va tim gidi han (néu c6) clia cac ddy véi sé hang tdng quat nhu sau:

sin?n — cos3n

a) x,=n—\Vn*—n b) x, =
n
1 1
c) xp==|xp—1+ , x0>0
2 Xn—1
Loi giai
l. x,=n—+Vn?>—n
S n 1
i - i - 2 — = i _— 1 _—
ngrfwxn ngrfw (n " I’l) ngrfw n—+ \/m nLH}LlW 1 1 1
VT
1
. )
Viy x,, hoi tu va co giGi han nngxn =5
2 3
sin“n — cos
2. x, = o NTCOS R

n
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Tathéy: DoOSsinan 1,—1 §c053n§ 1= -1< sinzn—c0s3n§2
—1 2

Lai co: = lirE x, = 0 theo tiéu chuin kep.
n—s—+oo

lim — =0
n——+oon

Vay x, hoi tu va cé gidi han 1iI‘JIrl X, =0
n—r—+o0

2 Xn—1
[Phan tich]
Ta sé chiing minh day hoi tu bﬁng tiéu chuan don diéu va bi chin trén hoic dudi.
1— x%fl
2xp—1
Biy git dé biét ddy ting hay giam chi cAn kiém tra xem déu ctia 1 —x2_,

. 2 1 1 1 [ 1
Dethay xo >0=x; == x0+ — | > =.24/x9.— = 1 theo BDT Cauchy.
2 X0 2 X0

Tuong tu ta thiy x2,x3,... > 1. Dy doan 1 —x2_; < 0,Vn > 2.

1 1
3. xn:—<xn_1—|— ), xo >0

Pau tién kiém tra: x,, — x,,_| =

Viy ta sé ching minh day gidm, va d€ chiing minh x,,_; > 1 ta sé dung quy nap.
[Giai]

« Déthdy x, >0,Vn e N

e Ching minh: x, > 1 Va>0 (1)

1 1

. 1 1
— Tathay (1) ding v6in=1dox; = = | xo+— | > =.24/x0.— = 1 theo BDT Cauchy
4 X0 2 X0

- Giast (1) ding véin =k =x; > 1

— Ta sé chiing minh (1) ding v6in = k+ 1

1 1 1./ 1
That vay: x4 = > (xk + X_k) > 5.2 xk.x—k = 1 theo BDT Cauchy.

Vay (1) ding theo gia thiét quy nap.

1 —x2
. Taco:x,,—xH:Tnzlgo Vin>0(dox,>1,¥n>0 )
o

Vay day x, la day giam va bi chan duéi do x,, > 0,Vn € N

Do d6 x, hoi tu. Goi lim x, =a

n—4-o0
. 1 ) 1
Taco: lim x, == lim x,_1+——
n—+o0 2\ n—eo lim x,
n—r—+oo

1 1
:>a:§ a—l——)=>a::|:1:>a:1(doxn21,Vn>0)
a

Vay lim x, =1.

n—r—+oo
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HAM SO MOT BIEN SO

1 Mot so khai niém co ban vé ham so
« Ham s6 f véi tap xdc dinh D dugc goi 1a ham s6 chdn néu Vx € D thi —x € D va f(x) = f(—x).
« Ham sb f v6i tap xac dinh D dudc goi 1a ham s6 1é néu Vx € D thi —x € D va f(x) = — f(—x).

» Ham s f véi tap xdc dinh D dugc goi 1a ham sé tudn hoan < 3T > 0,¥x € D :x+T € D va

f&+T) = f(x)
* Ham hop: y = f(x),x = g(t) co ham hgp y = fog:= f(g()).

* Ham ngudgc: y = f(x) ¢6 TXD X, TGT Y c¢6 ham ngugc x = g(y) < (fog)(y) =y,Vy €Y va
(gof)(x) = x,Vx € X. Ham sb ngudgc ciia y = f(x) dugc ki hidulay = f~1(x),x €Y.

Vi du 1. Xét tinh chin 1& ciia ham s6 f(x) = x*> + cos3x +x*

Li giai

+) Tap xé4c dinh ctia ham s6: D = R.
+)VxeD= -xeD

+) Ta c6: f(x) = x* + cos 3x 4 x*
f(=x) = (=x)* +cos —3x + (—x)* = x* + cos 3x + x*
= f(x) = f(—x)Vxe D

Vay ham s6 da cho 13 ham s6 chin.
Vi du 2. Xét tinh tuan hoan va tim chu ky ctia cdc ham s6 sau (néu c6):
a) f(x)=sinx+ % sin2x + % sin3x b) f(x) = sinx®

a) f(x) = sinx+ % sin2x + % sin3x

[Phan tich]

+) y = sinx tuan hoan vé6i chu ky 7 = 27
+) y = sin2x tudn hoan véi chuky 7} = &
+) y = sin3x tuan hoan véi chu ky T} = 2?%
Nén ta dé dang thiy f(x) tuan hoan véi chuky T =27

[Giai]

Dé thiy:

sinx + % sin2x + % sin3x = sin (x+27) + % sin2(x+2x) + % sin3(x+2)
VxeR

Ta s€ ching minh 7 = 27 la chu ky cd s6 cta f(x)

Gia st ton tai 7; sao cho 0 < Tj < T va:
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1 1 1 1
sinx+§sin2x—|—§sin3x:sin(x—l—T1)+§sin2(x+T1)+§sin3(x+T1)
VxeR (1)

1 1
Tai (1) cho x =0 ta co: sinT] + EsinZTl +§sin3Tl =0 (2)

Tai (1) cho x = 7 ta c6: —sinTj —|—%sin2Tl —%sin3Tl =0 (3)
Ti(2)(3) = sinTj —|—%sin3Tl =0

:>sinT1+%<35inT1 —4sin3T1> =0

= sinTj (2—§sin2Tl) =0=sinT1=0=T1 =7
Thi lai v6i T} =7 thi tai xo = >

sinxg + % sin2xp + % sin3xq # sin (xo + ) + % sin2(xp+ ) + % sin3(xp + 7)
Vay khong ton tai T

Do d6 ham s f(x) tuan hoan véi chu ky cosé T =271

b) f(x) = sinx?

[Phan tich]

Mot ham s6 tuan hoan thi dao him clia n6 ciing sé tuan hoan

Ta dé thiy f(x) = 2xcosx? khong tudn hoan nén ta s& chiing minh ham s f(x) khong tudn hoan

D€ chiing minh ham s6 khong tuan hoan cich don gidn nhét 14 ding phan ching

[Giai]

Gia st ham sb f(x) tuan hoan véi chu ky T > 0:

= sinx® =sin(x+7)> VxeR (1) +) Tai (1) cho x =0 ta dugc: sinT> =0=T> =kn = T =
Vi (ke N¥)

+) Tai (1) cho x = /7 taduge: sin (VA +T)* =0= (Va+T)*=Ix (I €N*)

= (V7 + Vkr)? = Im = k 1a sb chinh phuong do [ € N*

Pitk=h*,(heN")=>T =h/=

+) Tai (1) chox = \/gtadu’()c: sin <\/§+T>2 =1
= (\/ngT)z: g+2mn’ (m e N¥)

= <\/§+h\/ﬁ>2= §+2m7r

= z+2h—7t+hz7rzz+2m7r

2" V2 2
=2m=h*+v2h (volydom e N)

Vay ham sd f(x) khong tuan hoan.

2 Cac ham s6 so cap co ban
e x%, TXD: phu thudc vao a.

*d",0<a#1, TXD:R,TGT: (0;+c).
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* log,x,0<a#1, TXD: (0;4), TGT: R
* Cac ham lugng giac: sinx,cosx,tanx, cotx

e Céac ham lugng gidc ngudc:

y =arcsinx | y =arccosx | y = arctanx | y = arccot x

TXb | [-1:1] [—1:1] (—o0300) (—o0300)
—-T T —-T T
TGT —_—— 0; —_—— 0;
* Cac ham hyperbolic:
et —e™* e +e
inhx = ; hx = ;
sinhx 5 coshx >
sinhx e'—e™ coshx é&*+e™*
tanhx = cothx = — =
coshx eX+e X’ sinhx e¥—e™*

N PR . L4 ~ A T T
Vi ham arccotx 1a ham nghich bién trén R nén arccot\/3 <y <arccotQ = 5 <y< >

T T
Vay tap gid tri ctia ham sb 1a { c 2]

, L » g . 3x—1
Vi du 4. Tim tap xdc dinh ctia ham s6: y = v/2x — 1 +4arcsin il
Loi giai
1
2x-1>0 X > =
DKXD: = 2
3x—1 5
-1 < <1 1<x< -
4 3
op= |12
1273

Vay tap x4c dinh ctia ham s 1a D =

U)Ikll

3]

Vi du 5. Tim ham ngudc ctia ham s6 y = sinh 2x.

—
B =

Loi giai
+) Tap xac dinh: D=R

+) Xét phuong trinh: y = sinh2x
er o e—Zx

2

S2y=e—e ¥

Sy=
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& 2y.eF = ()2 -1

e () =2y +y =y —1=0

& (¥ =y =y +1

& ¢ =y+ /52 + I(thoa min) hode 2 =y — /2 + 1 (loai vi €** > 0)

1
& Xx= Eln <y+ \/yz—i—l)

. 1
Véy ham ngugc cia ham so y = sinh2x 1a ham f(x) = 5 In (x +Vxr+ l)

3 Ham so so cap

Céc ham sb so cip co ban dudgc tao bsi sd hitu han cac phép todn tdng, hiéu, tich, thuong, phép lay

hgp va céc hang so.
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GIOI HAN HAM SO

1 Dinh nghia
1.1  Giéi han ham sé

Ham f(x) x4c dinh trén (a,b) dugc goi la c¢6 gidi han A khi x — xo € [a,b] néu

Ve>0,36 >0:0< |x—xp| <8 =|f(x)—A| <€

1.2 Gigi han trai, giéi han phai

- Giéi han trai: Ki hiéu x — x; 1a x dan t6i xo nhung ludn nhd hon xo. Ta ndi A 1a gi6i han trai tai xo néu
lim f(x) = A.

X—Xg
- Gidi han phai: Ki hiéu x — x;{ 1 x dan t6i xg nhung ludn 16n hon xy. Ta néi A 1a gidi han phai tai xo
néu lim f(x) = A.
X*XXO
- Piéu kién ton tai giéi han: Mot ham s6 ton tai giSi han, khi gidi han trai va gi6i han phai cta ching

ton tai va bang nhau.

Jlim f(x) =A & lim+f(x): lim f(x)=A

X=X xX—xg) XXy
x+1 (x>0)
Vidu 1. Xét ham f(x) =
—x*  (x<0)

Tacé lim f(x) = lim(x+1) =1, lim f(x) = lim(—x?) =0
x—0t x—0 x—0~ x—0

Do d6 lim f(x) # lim f(x) nén khong ton tai gidi han cla f(x) taix =0
x—0* x—0~

2 Cac tinh chét ctia gidi han

- Gid st lim f(x) = a, lim g(x) = b, 6 d6 a,b 1a cic sb thuc hitu han. Khi d6 :
X—X0 X—X0

e Tong:
lim [f(x) +g(x)] =a+b
X—rX0
* Hiéu:
Jim [f(x) —g()] =a—b
e Tich:

lim [£(x)g(x)] = ab

X—rX0
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* Thuong:

. (x)_a %
xligcl()@—g, HGUb#O

Chii y 1. Néu cic gidi han & dang vo dinh, nhitng phép todn trén sé khong thuc hién dudc. Cac dang vo
dinh bao gdm:
00 — 00, O X o, f
[Mét sb cach khir dang vé dinh]
* St dung cac phép bién ddi dai s6 (Nhan lién hgp, phan tich thanh nhan td,...)

* Su dung cac gidi han dac biét:

. . t
a) lim 2% b) lim =1 o) lim 2%
x—0 X x—0 X x—0 X
¢ 1 In(1
d) lim 240y e) lim —1 p fim U9
x—0 X x—0 X x—0 X
1+0)%—1
o) lim(14+x)7 =e hy lim UY=L
x—0 x—0 X
(o € R)

* Thay thé VCB, VCL tuong duong; ngat bd VCB bac cao, VCL bic thap.

* Dung quy tac I’Hospital

* St dung khai trién Taylor, Maclaurin d€ tinh gi6i han
Trong tai liéu nay sé& tap trung trinh bay 3 phuong phap dau, 2 muc con lai sé trinh bay chi tiét trong cic
tai liu sau.

Vidu 2. Tinh lim

arctan 2x 4+ 3sinx (O)

x—0 X 0
Loi giai
_ .. arctan2x . 2arctan2x
Taco: lm— =lim —— = 2.
x—0 X x—0 2x
. sinx
Iim— =1
x—0 X . .
arctan2x + 3sinx . arctan2x .. 3sinx
—lim = lim — + lim =24+3=5
x—0 X x—0 X x—0 X

Vi du 3. Tinh gidi han ctia cic ham s6 sau, 4p dung phuong phap phan tich thanh nhan ti:

100 n n n—1
P =2x+1 . ("=d")—nd" (x—a)
2 )lcinl 20 —2x+1 ®) )lcl—rBz (x—a)?

Lui giai

Ta 4p dung phuong phap phan tich thanh nhan tg :

Cau a:

TS=x— 4> —2x4+1=(x—-1) (x99—|—x98—|—x97+...+x2) + (x—1)?

Not how long, but how well you have lived is the main thing 2
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=(x—-1) (x99-|—x98+...+x2+x— 1)

Tuong tu ta c6: MS = (x—1) (x49 48P x— 1)

Do d6 TS/MS khi x — 1 c6 gid tri 12 98/48 = 49/24

Cau b : Khai quat hon cau a
TS = (x—a) (x”_1 +X"2a4 ... +a"? -x—{—a”_l) —nd" ' (x—a)
MS = (x—a)?

—1
= TS/MS khi x — 1 ¢6 gid tri la (n—1)n a2

Vi du 4. Ap dung phuong phap nhan lién hop, tinh gi6i han

lim (\3/x3 +x2—1 —x)

X—>-o0

Lui gidi

Day la dang oo — oo, Ta st dung phuong phap nhan li€n hgp, s€ co :

3 2 3
CAx2—1—x
(«3%3 21 x)
y (x3—|—x2—1)2+xx3/x3—|—x2—1—|—x2

Néntaco:

2
—1 1
lim (\3/x3 —|—x2—1—x> — lim al =
—> 00 —>00
* MR VA C SIS B | P/ By R

- Nguyén ly kep: Néu f(x) < g(x) < h(x) trong mot 1an cin ndo do6 cla a va ton tai cic gii han

)161_r>r‘11 flx)= P_r}r(ll h(x) = L. Khi d6 ton tai ;1—% g(x), va

lim £(x) = lim g(x) = lim (o) = L

x—a

3 Gidi han cua ham hgp

Néu c6 lim u(x) = u,, lim f(u) = f (u,) va c6 ham hop f(u(x)) thi:
X—X0 U—rity

lim f(u(x)) = f (uo)

X—X0

Ap dung:

Not how long, but how well you have lived is the main thing 3
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hm A (x)B(x) = exli}t?o B(x) lnA(x)
X—X0

4 Vo cung bé, vo cung I6n
4.1 Pinh nghia

0.
- Ham f(x) dudc goi la v cang 16n (VCL) khi x — a (a hitu han hodc vo cling) néu 1i_r>n | f(x)]| = oo
X—a

- Ham f(x) dudc goi 12 vo ciing bé (VCB) khi x — a ( a hitu han hoic vo ciing) néu ligl f(x)
X—a

Chi y 2. Khi néi mot ham s6 12 VCB hoic VCL, can néi 1o x dan t6i dau.

4.2 So sanh cac VCB, VCL

4.2.1. So sanh cac VCB
f(x)

Cho 2 v6 cung bé f(x), g(x) khi x — x¢. Xét gidi han lim —— = L:
X—X0 g(x)

* Néu L =0, tandi f(x) 1a VCB béc cao hon g(x) khi x — xo. Ki hiéu: f(x) = o(g(x))(x — xo)
e Néu L =k,k#0, tandi f(x) va g(x) 1a 2 VCB clng bac khi x — xo.
bic biét, k = 1, tandi f(x) va g(x) 1a 2 VCB tuong duong khi x — xj.
Ki hiéu: F(x) ~ g(x)(x = xp)
e Néu L = oo, ta néi f(x) la VCB bac thap hon g(x) khi x — xo.
- Mot s6 VCB tuong duong hay dung khi x — 0

a" —1

X ~ sinx ~ tanx ~ arcsinx ~ arctanx ~ e¢* — 1 ~ ~In(1+x)

na
(I+x)*—1~ax

Dic biét,

(04
YTt oar—1~ 28

m
x2

1 —cosx~ —
2

Vidu 5. Khix — 0, ta c6 x> +x 1a mot VCB tuong duong véi x. Ta ¢é x> +x ~ x khix — 0

Vi du 6. So sanh céc cdp vo cung bé sau :
a) a(x) = x+x> va b(x) = In(1 +x) khi x — 0

b) a(x) = tanx — sinx va b(x) = 3 arctan(x*) khi x — 0

Lui giai
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a) Khi x — 0:

a(x) =x+x> ~x
b(x) =In(1+4x) ~x

Do d6 a(x), b(x) 1a hai VCB cuing bac
b) Khi x — O:

1 1
a(x) = tanx — sinx = tanx(1 — cosx) ~ xax2 = §x3

1 1
b(x) = 3 arctan(x?) ~ —x?

. tanx—sinx . %x3
— lim ;————— =lim = =0
=0 sarctan(x?)  x—0 3x2

Do d6 a(x) 1a VCB béc cao hon b(x).

4.2.2. So sanh cac VCL
f(x)

Cho 2 v6 cung 16n f(x), g(x) khi x — xo. Xét gi6i han lim —— = L:
x=x0 g(x)

e Néu L =0, tanéi f(x) la VCL bac thip hon g(x) khi x — xo.

e Néu L =k,k+# 0, tanéi f(x) va g(x) 1a 2 VCL cung bac khi x — x.
bidc biét, k = 1, tandi f(x) va g(x) 1a 2 VCL tuong duong khi x — xo.
Ki hiéu: f(x) ~g(x)(x = xp)

e Néu L = oo, ta néi f(x) 1a VCL bac cao hon g(x) khi x — xo.

Vi du 7. Khi x — +oo, ta c6 x> 4+ x 1a mot VCL tuong duong véi x°.

4.3 Quy tic thay VCB,VCL tueng duong

Néu a; (x) ~ o (x), B1 (x) ~ B2 (x) khi x — a thi:

tim 28 _ i 20 o () 7(x) = lim o () ().

x—=a fBi(x)  x—a By(x) x—a x—a

Vi du 8. Tinh lim 5"
: x—0 arctan(3x)

Lui gidi

in(2 2
Khi x — 0, sin(2x) ~ 2x, arctan(3x) ~ 3x =lim _sin(Zy) —limt =2
x—0arctan(3x) x—03x 3

Vidu9. Ap dung VCL VCB d€ giai bai tap tinh gii han:

YT+ ax— &1+ Bx ((_)) b) lim ST+ax-/T+px—1 (9>
0 x—0 X 0

a) lim
x—0 X

Loi giAi
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a)Tacod:

Vitox—/1+Bx  Yl+oax—1 /1+Px—1

X X X

Ma ciing c6 cac VCB tuong duong khi x — 0:

o
\m/1+(xx—1~—x,\”/1+ﬁx—lwﬁx
m n

Do d6 nén suy ra dudc gi6i han can tim 1a :

lim Vidtoax—1+Bx a B
x—0 X m n
b) Ta cé:
ml o ‘nl _1 nl _1 ml _1
lirr(l)\/ +ox-{/1+Bx :1irr(1)<’"/—1+ocx-v + Bx +\/ + ox >:g+ﬁ
xX— X X— X X m n

Chi y 3. Khong dudc thay thé tuong duong trong tdng hodc hiéu.

4.4 Quy tic ngit bé VCB bic cao, VCL béc thip

Quy tiic ngit bé VCB bac cao  Néu o (x) = o(05(x)), B (x) = o(B2(x)) khi x — a thi:
o) Fop(x) . op(x)
oy (x)+ ap(x) ~ ap(x) va lim ———————= = lim .
1) 02 0) ~ o) VA I B )+ Bal) At Bl
Quy tac ngat bé VCL bac thadp Néu o (x) 1a VCL bac cao hon ap(x) va B (x) 12 VCL bac cao hon

B2(x) khi x — a thi:

—~

o (x) + o (x) ~ ap(x) va lim o (x) + 0(x)

x—a m - x—a Bl ()C)

1 3
Vi du 10. Tinh lim L $0(20) 4
' x—0 arctan(3x) +x*

Lui gidi

Khix — 0
In(1 +sin(2x)) ~ sin(2x) ~ 2x, In(1 +sin(2x)) +x°> ~ 2x

arctan(3x) ~ 3x, arctan(3x) +x* ~ 3x
. In(14sin(2x))+x> . 2x 2
=lim = = _Z
x—0 arctan(3x) +x* —03x 3
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HAM SO LIEN TUC

1 Dinh nghia

» Cho ham sb f(x) xéc dinh trong (a;b), néi ring f(x) lién tuc tai xo € (a;b) néu lim £(x) = f(xo)
X—X0
* Luru y: di€ém xo nhat thiét phai thuoc mién xac dinh cta f(x)

» Nhu vay f(x) xdc dinh lién tuc trong khoang (a;b) néu f(x) lién tuc tai moi diém x € (a;b)

2 PDinhly
Cho f(x),g(x) 1a hai ham s lién tuc trong khoang (a;b), khi do:
* f(x)+g(x) lién tuc trong khoang (a;b)

* f(x).g(x) lién tuc trong khoang (a;b)
Dic biét : Cf(x) (C 1a hing sb) lién tuc trong khoang (a;b)
f)
g(x)

Chi y 1. Moi ham sb so cip lién tuc trén cac khoang ma ham s6 d6 xac dinh. Nhu viy: Cac da thiic 12

lién tuc trong khoang (a;b) trit ra nhiing diém x lam g(x) =0

cac ham sb lién tuc; phéan thic hitu ti 1a cac ham s0 lién tuc trit cdc diém lam cho da thic mau sb bﬁng 0;

cac ham lugng giac lién tuc trong mién xac dinh cia no.

Vi du 1. X4c dinh gi4 tri cia @ &€ ham s sau lién tuc tai x = 0:

1 —cosx .
—— o neu x # 0
flx)= 5 )
a, néux=20
Loi giai
2
.2 X X
o 1— COS X ) 251n 5 ] 2 (5) 1
Ta co: 11m—2=l1m 5 :hm—zz—.
x—0 X x—0 X x—0 X 2
N 4 an n ) o« .. ... l—cosx
Ham s0 da cho lién tuc tai x = 0 khi va chi khi lim ——— =a.

x—0 x2

. 1
biéu nay tuong duong véi a = 5

Lo s
V@yazila gia tri can tim.

3 Tinh chét ciia ham lién tuc

Pinh Ii 3.1 Néu ham u = @(x) lién tuc tai xy , ham y = f(u) lién tuc tai uy = @(xp) thi ham hop
y = (fou)(x) = flp(x)] lién e tai x.
Dinh i 3.2 Néu ham £ (x) lién tuc trén [a; b] thi nd bi chdn trén doan d6, dat gid tri 16n nhat va gia tri nhd

nhét; 14y moi gia tri trung gian giita cdc gid ti nho, 1an nhit do.

Not how long, but how well you have lived is the main thing 1
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Ta ki hiéu, gid tri nhé nhat (GTNN), gid ti 16n nhét (GTLN) Ia

min f=m; max f =M
a<x<b a<x<b

Tur d6 c6 hé qua:

H¢ qud. Néu f(x) lién tuc trén [a;b] thi:
a) Phuong trinh f(x) = 0 c¢6 nghiém néu f(a)f(b) < 0;
b) Phuong trinh f(x) = k c6 nghiém khi min f < k < maxf;
c¢) Bt phuong trinh f(x) > k c6 nghiém thi max f > k;

d) Bat phuong trinh f(x) > k c6 nghiém Vx € [a;b] khi min f > k

4 Sulién tuc déu

Dinh nghia. Ham f(x) 1a lién tuc déu trong X néu Ve > 0, 38 > 0, Vu,Vv € X thda man |u—v| < & thi
[f () =f(v)| <e.
Dinh li . Cho mot ham sb £ lién tuc trén doan [a;b] , khi d6 f lién tuc déu trén [a; b]

Vi du 2. Cic ham s sau day c6 lién tuc déu trén mién da cho khong?

a)y:4x2;—1§x§1 b) y=Inx;0<x<1
Loi giai
a)
Nhan xét: tap sb thuc D = [—1;1] 1a tap compact va ham s6 y = y " 5 lién tyc trén tap D.
— X

Do d6 ham s6 da cho lién tyc déu trén [—1;1].

b)
. 1 1 < oz
Tacd lim | | = lim ! !
1 Xy — — 1 — =
n—too! In n—+eon+1 2n+2
C s . 1 1
Khi do ngl}rlm|f(xn)—f(yn)\ —nngrrloo lnn+1 —1In 2n+2’ =1In2#0.

Do d6 ham sb da cho khong lién tuc déu trén (0;1).

5 Piém gian doan ham sb
5.1 Dinh nghia

Ham sb f(x) khong lién tuc tai diém x( dudc goi 1a di€ém gidn doan tai diém d6. Vay xo 1a diém gian doan
ctia f(x) néu:
(i) xp khong thudc mién xéc dinh ctia f(x) hodc

(ii) xo thudc mién xdc dinh ctia f(x) nhung lim f(x) # f(xo) hay khong ton tai lim f(x)
X—XQ X—X0

Not how long, but how well you have lived is the main thing 2
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5.2 Phan loai diém gian doan

(i) Piém gian doan b6 loai I
Diém xq dudc goi 1a diém gidn doan loai 1 ctia ham s6 f néu lim f(x), lim f(x) ton tai hitu han.

X—Xx0+ X—X0—
Khi d6, neu:

- lim f(x)# lim f(x)

X—rXxp+ X—rXQ—

Thi dugc goi 1a buéc nhay cua f tai xo.

lim f (x) — lim f(x)

X‘)XO X*}XO

- Jim, 769 = lim 109

Thi xy con dudc goi 1a diém gian doan bd dudc ctia ham sb.
(ii) Piém gian doan loai IT

Diém xo dudc goi 1a diém gidn doan loai 2 ctia ham sb f néu it nhat mot trong hai gidi han lim+ f(x),
x—>x0

lim f(x) khong ton tai hitu han hoic khong ton tai.
X—rXq

’ . - 2 . o A 1
Vidu 3. Tim va phan loai diém gian doan cua ham so y = arctan —
X

Loi giAi

+) Ham s6 x4c dinh khi x # 0 — x = 0 1a diém gidn doan ctia ham s6.
+) Xét cac gidi han:

. I L 1 1
lim arctan— = — (vix - 0" = — — 4o = arctan— — —)
x—0F x 2 X X 2

. 1 - 1 B . —
lim arctan— = — (vix -0~ = — — —co = arctan— — ——)
x—0~ X 2 X X 2

C g N . 1 . Iy S\ aid sz S
+) Hai gi6i han trén httu han, | lim arctan— # lim arctan— |nén x = 0 la diém gian doan loai 1 cua
x—0F X x—0- X

ham so da cho.

Vay x = 0 12 diém gian doan loai 1 ctia ham sb.

Vi du 4. Tim va phan loai diém gian doan ctia ham s6:
x+1, khix<O0
x*—1, khix>0
Loi giai

*Ta c6: x = 0 1a diém gian doan ctia hAm s vi:

lim f(x) = lim (x+1)=1

x—0t x—07F
lim f(x) = lim (x*—1)=—1
x—0~ x—0~

= khong ton tai lim f(x)
x—0

Not how long, but how well you have lived is the main thing 3
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*Ma lim f(x) # lim f(x)(1# —1) = x = 012 diém gidn doan loai 1.

x—0t x—0~

Vay x = 0 1a diém gidn doan loai 1 ctia ham s0.

Vi du 5. Tim va phan loai di€ém gi4n doan ctia ham sé:

L khix£0

fx)y=4 x
0, khix=0

Li giai

*Ta c6: x = 0 12 diém gidn doan ctia ham s vi:
sinx

lim f(x) = lim—— =1
x50 X0 X = lim f(x) # £(0)
f(o) _0 x—0

*Ma lim f(x) = lim MY o x=01adiém gidn doan loai 1 bo dudc.
x—0 x—0 X

Viy x = 0 1a diém gian doan loai 1 bé dudc ctia ham sb.

Not how long, but how well you have lived is the main thing
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- Mot vai vi du nhic lai kién thic budi trude:
Vidu 1. Tim a d&€ ham s6 lién tuc tai z = 0 :

sin 2z + tan 22 + x arcsin x 40
T
f(z) = arctan 3z + In (1 + 22)

a, =10

Loi giai:
Khi z — 0 thi:

sin 2z ~ 2x;
tan 22 ~ xz;

. 2.
rarcsinx ~ -
arctan 3z ~ 3x;

In(1 + 2?) ~ 2%

—ssin 2z + tan(z?) + x arcsinz ~ 2z
arctan 3z + In(1 + z?) ~ 3z
sin2x + tanaz? + rarcsinz . 2%
im = lim
=0 arctan 3z + In (1 + 22?) =0 31

T
3 — 222+ — 2

Vi du 2. Tim va phan loai di€ém gidn doan ctia ham s f(z) =

o 23— 222+ 2 —2 =04 2z =2 = ham s6 di cho gidn doan tai x =2

e lim ’ = lim ° = 400
es2t 13 — 202+ — 2 a2t (x—2) (224 1)
e lim i = lim ° = —00

es2- 23 =202 +x — 2 as2- (x—2)(x2+ 1)

» Viy z = 2 1a di€ém gian doan loai 2.

1 Dao ham - vi phan
1.1 Khai niém dao ham

: ) Azr) —
* Gidi han, néu co, cia ti so lim f (o + Ax) — f(xo)
Ax—0 Ax
(Ki hiéu f'(xq))
e lim f(@o + Az) — f(x0)

Az—0t Ax
(Ki higu f'(x))

e lim f(wo + Ax) — f(w0)
Ax—0— Al‘
(Kihiéu f'(zy))

dugc goi la dao ham cta ham f(x) tai g

dugc goi la dao ham phéai ctia ham f(z) tai 2o néu gidi han ton tai

dugc goi la dao ham tréi ctia ham f(x) tai zo néu gidi han ton tai

Két luan:
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« Ham s6 f(z) c6 dao ham tai diém =, khi va chi khi f'(x{) = f'(zg)
* Néu ton tai f'(zo) thi f(x) lién tuc tai zg

Tinh kha vi: Trong khuon kh6 ham 1 bién s6. Ham s6 c6 dao ham tai # = z khi va chi khi né kha vi tai

r =Xy

Vidu 3. (GK -20191) Cho y = |z — 1|. Xét tinh kha vi tai x = 1.

Ta co:
— f(1 -1
PTG Rl B T el
z—1+ z—1 z—1tx — 1
— f(1 1 -4
PTG 0 B PR e
z—1- r—1 z—1- — 1
Do vay f khongkha vitaixz = 1.
) . arctan (—) ,x #0
Vi du 4. (GK - 20193) Cho ham sb f(z) = ||

Xét tinh kha vi ctia ham s6 tai z = 0

Ta co:
(=)
1 T 1\~ 2
arctan (—) - — 14+ — 42
o lim LD SO T/ A & = —1
z—0+ €T — z—0+ T z—0+
(&)
1 s 1 2
arctan <—> — = 1+ 5
9 tim O =IOy, =) Y, A —1
z—0— xTr — z—0~ X z—0— 1

Do vay f khong kha vi tai O .

4 1 =,z >0
Vi du 5. (GK - 20181) Cho ham sb f(z) = { n(z +e%),

(08 =
Tinh f% (0)
Theo dinh nghia, ta c6
, 04+ Az)— f(0) . In(e?"+ Ax) . In(1 4 Ax)
"(0%) = 1 1 =1 — =1 — =1
f (0 ) Axli%"' Az A:vg%"' Ax Azlir(lj+ Az

1.2 Cac phép toan
o (uEv)(xg) =u(xg) £ ()
o (uwv)'(mg) = u'(wo)v (o) + u(wo)v' ()

(1) (g = SR M) ) )

v?(z0)
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1.3 DPao ham cta ham hgp, ham nguge
* Himhop: F' = fou = F'(x) = f'(u(z))u'(x)
Vidu 6. Tinh dao ham cta y = In(z + v22 4 4)

* Ham ngugc:

= (y) c6 dao ham tai yo va ¢’ (yo) # 0 , 1
= f'(w0) = —
r = p(y) c6 ham ngugc y = f(x) lién tuc tai = #'(%0)

Vidu 7. Cho ham s6 f(z) = 2% + 3z + 5, ¢6 ham ngugc 1a g. Tinh ¢'(9)
Ta co:

f@@=9@m:1¢¢@y5MD:%

1.4 Vi phan va ing dung
* Viphan: df (z) = f/(z) dx
Vi du 8. Tim vi phan ctia ham sé:

_ 2z%—3z+1
a) Y= z2+z+1

b) y:sinxcos%
C) y =xsinx — cosw
Loi giai:
2) Taco: yf = f/(x) = (222 =32+ 1) (2 +a+1)— (2 +2+1) (222 —3z+1)  b5a?+22—4
. (2 +x+1) (22 + 1z +1)°

S5a2 + 21 — 4
suyrady:f’(x)dx:L“dx
(x24+ 2+ 1)

b) Tacd: y = (sinxcos £>/ = (sinz)’ cos 2y sing <cos E)l = cosT - COS = — 1s.in 2.sin =
2 2 2 2 2 2

1
Suyrady =y .dx = cosx-cosg—isinx.sing dx.

¢)Tacéd:y = (zsinx — cosz) = (rsinz) — (cosz) =sinz + xcosx + sinz = 2sinx + x cos z.

Suyrady = y'.de = (2sinx + x cos x)dz.
« Ung dung vi phan d€ tinh gan ding: f(zo + Az) ~ f(z0) + f'(xo)Ax
Vidu 9. Tinh gan ding gid tri cia cdc biéu thic:

a) v16.25 b) cos30°15

2

9\ 350,02

Loi giai:
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a) Ta c¢6 /16,25 = /16 + 0, 25. Xétham sb f(z) = /= = f'(z) =

Chon zp = 16 va Az = 0,25, ta cé f (o + Ax) = f (o) + [ (z0) -
1

= /16 + 0,25 ~ V16 + —= - 0,25 = 4 + 0,03125 = 4,03125 = /16 + 0, 25 ~ 4, 0313

1
2z
A

2v/16
b) Ta ¢6 cos 30°15' = cos (30° + 15') = cos (g + %)
Xét ham sb f(z) = cosx :> f'(x) = —sinzx.
Chon o = % va Az = % taco f (zg+ Az) = f (o) + [ (7o) - Ax.
:>cos< %)Ncos——sm% %:g—ﬁzo,%:&s

c) Xét f(x V xo—OA:ﬁ—OOQ
:\4/m%f( )+ f'(0)Az

FO) =1, fl= ):% (2—?—93)43'(21218)2

1

= f(0) = —

2 1
=\ ~1—--.0,02=0,9975
24 0.02 8 ’

1.5 Dao ham, vi phan cap cao
a) Pao ham cip cao

Pao ham, néu c6 cip n ctia f(z) ki hidu la: f()(z)
Tinh chit:

o (utv)™ = u™ 4 o)

« Cong thiic Leibniz: (u.v)™ =37 Ck . ym=Fyk)
b) Pao ham cap cao ciia mdt s6 ham s6 co ban

e (@) =a(a—1).. (0 —n+ 1z

« [(1+a2)" ](n)_a(a—l) (a=n+1)-(1+z)*™"

|
1 (—p)m . "
1+a (14 x)ntt
1 n!
1 — 1 _ x)nJrl

s (sinz)™ = sin (x + n77r>

* (cosz)™ = cos (x + %)
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(n—1)!

:L.n

o (Inz)™ = (=1)"'.
¢) Vi phan cip cao
Bi€u thitc ctia vi phan cﬁp cao:

Néu z 14 bién s doc lap thi
d"f(z) = f™(z)dz".

Vi phan cip cao khong c6 tinh chét bat bién dbi v6i ham hop

Vi du 10. Tinh dao ham

a) fO0(z) véi f(z) = (20% + o + 1) 5*+2
b) f1%0)(z) véi f(z) = 2% cos

¢) fO)(z) véi f(z) = In (222 — 1)

Giai. Ta co:

50
f(50) ()= Cgo (2:702 + o+ 1)(k) (e5x+2)(50*k)
k=0

— 550 (242 + & + 1) 5°F2 4 50.(4x + 1).5%9.¢5542 | 1225.4 5485 +2
b) f1%)(z) véi f(z) = 2% cosx

Giai. Ta co:

100 (k)
FO) () = 3 Clg (42)® (cos )10
k=0

100 99 98
= 22 cos (x + Tﬂ) + 100.2x. cos (x + TW) + 4950.2. cos (w + Tﬂ)

= 22 cos x + 200z sin x — 9900 cos

¢) fO(z) véi f(z) = In (22% — )

Tacod:

) 4L(=1)% -4l 4] 3
@ =(gr+3) =2 a0 s = (g )

Vi du 11. Tinh cdc dao ham sau tai cac di€ém cho trudc:
2) f(z) = L. Tinh f09)(0)

b) y = arcsin x. Tinh y®(0)

Loi giai
a) f(x) =

Giai. Ta co

1+

1—xz

Tinh f109(0)
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3.5...199 _201  35...197 197
- 299 (1 - ) 2100 (1 1‘) 2
_3.5...197 (1971

(199.2 4 1) = 399

trong do

9100 2100 °

Cn+Dl=2n+1)(2n—1)...5.3.1;(2n)!! =2n(2n —2)...6.4.2

b) y = arcsin x. Tinh y®(0) Ta c6:

1
== (1-2Y)y = V1 — 22
v W )Y~
:}—2(]:/—’—1 3;'2 /" —_— — — 4
Y+ )y T y

(1 = 2?) y" (@) — n.20.y" ) (2) — n(n — y™(z) — 2y™*+)(z) — ny™(z) =0
= y™2(0) = n?y™(0) = y®)(0) = 972y (0) = ... = (97.95...3.1)%y'(0) = (97!1)?

2 Cic dinh Iy vé ham kha vi va ing dung
2.1 Céc dinh Iy vé ham kha vi
Pinh ly 7.1 (Pinh ly Fermat) .

Cho f(z) lién tuc trén khoang (a, b), néu ham s dat cuc tri tai diém z( € (a,b) va c6 dao ham tai x, thi
f (xo) =0.

Pinh ly 7.2 (Pinh ly Rolle).

Néu ham sb f(z) :

i) Lién tuc trong khoang dong [a, b],

ii) C6 dao ham trong khoang mé (a, b),

iii) théa man diéu kién f(a) = f(b),

thi tOn tai it nhat mot di€m ¢ € (a, b) sao cho f'(c) = 0.

Dinh ly 7.3 (Pinh ly Lagrange).

Néu ham s6 f(z) :

i) Lién tuc trong khoang dong [a, b],
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ii) C6 dao ham trong khoang mé (a, b),
f(b) — f(a)

thi tOn tai it nhat mot di€m ¢ € (a, b) sao cho f'(c) = )
—a

Pinh Iy 7.4 (Pinh Iy Cauchy).

Néu cac ham s6 f(z), g(x) thdéa man cic diéu kién:
i) Lién tuc trong khoang doéng [a, b,

ii) C6 dao ham trong khoang mé (a, b),

iii) ¢'(x) khong triét tiéu trong khoang mé (a, b)

thi ton tai it nhat mot diém ¢ € (a, b) sao cho

2.2 Quy tic L’Hospital
f()

Gidihan I = lim 2 & dang v6 dinh 2 hoiic .
T—T0 g(x 0 0
Gia st 2 ham s f(z), g(x) ¢6 dao ham, ¢'(z) # 0 Vo € (a;b) \ zo V6i 2o € (a;b).
! /
Néu 3 lim f,(x) — Lttt tim 2% — tim f,(x) =L
v—a g'(z) 2oy g(x) a0 ¢'(2)

Vi du 12. Tinh céc gii han sau:
2) L= lim 22 % (9)

e—=0 ¢ —sinz \ 0
1
L= lim (tanx'— x) _ iy COs2 -1 e 1 —cos’z _ lim (1 —cosz)(1+ cosx)
=0 (x —sinz) 20 1 —cosz -0 (1 —cosz)cos?x 2-0 (1 —cosx)cos?x

. 1+cosx
=lim —— =
20 cos?x,
Ap dung quy tac L’'Hospital: L = L; = 2

. Inz 0
T

_ . 1
Ap dung quy tac L'Hospital: L = L = 5

Chi y 1. Trong 1 s6 tinh hudng, nén két hop viéc thay thé cac VCB, VCL tuong duong véi quy tic
L’Hospital
T —sinw

Vidu 13. Tinh [ = li
ran n a0 (etanz — 1) arcsinz In(1 + sin x)

Khiz — 0: e — 1 ~tanx ~ z

arcsinx ~ &

In(1 +sinz) ~sinz ~ x
r—sinxy
— [ =——-—rcodang .
T 0
: /
. T —sinx . 1—cosz s
Ilzlnngz im——— = lim2— = —
z—0 (x3)’ z—0 32 7—0 312 §)



H6 trg sinh vién Bach Khoa
CLB Ho Trg¢ Hoc Tap

. . 1
Ap dung quy tac L'Hospital: [ = I} = —

Chi y 2. D6i v6i cac dang vo dinh con lai, van ding dudc quy tic L’Hospital bang cach dua vé cdc dang
0

— hoac i
0 o0

Vidu 14. Tinh / = lim 1 —1)
=0 \e? —1

1 1 —e” 0
Tacézlzgljii%%Zslcigr(lj%(Doex—lwx(x—>0))cédang6
o (THz—et) 1=t 1 .
-1

Theo quy tac L’ Hospiatl: [ = I, =
Chii y 3. C6 thé 4p dung nhiéu lan quy tac L”Hospital

Vidu 15. Tinh [ = hm(1+x Jer—T= = (1)

Ta c6: lim (1 4 2?) =~ i = e J = lim In(1 + 2?) %— c6 dan 0
T 250 ) x—0 g1 5 0
In(1 4 2 0
J1 = lim M = lim ’ c6 dang —
2=0 (e —1—x) =0 (e — 1)(1 + 2?)
2 2
J, = lim (22) = lim =2.
=0 ((e® — 1)(1 + 22))  2-0e®(1 + x2) + (e* — 1)2x
Theo quy tic L'Hospital, tacé J = J, = Jp = 2.
Nén [ = ¢?
2.3 Cong thic khai trién Taylor, Maclaurin
! (n)
 Cong thire Taylor: f(z) = f(zo) + / (1$‘o) (x — o) + ... + / n(‘ )(a: — x0)" + o[(x — x0)"]

 Cong thitc Maclaurin: f(z) = f(0) + MG )x + .. 4 %I” + o(z™)

1!
* Mot s6 khai trién Maclaurin thu’ong gap:
" > 50
e’ —1+1'+§+§+ +—+o( ")
I T (—1) g2 ,
— - . N = n+1
sinx =x 3'+5l 7'+ .+ n 1) + o(z*" )
1'2 374 1.6 (_1)n$2n on
COSZE:1—§+J—5+ +W+O(l’ )
: =l+a+22+23+ ...+ 2"+ o(x")
-
—l—z422— 2+ ..+ (—1)"2" + o(a"
T2 T4zt —x°+ ...+ (=1)"2" 4 o(z")
2?2 3 a2t
n(l4a)=0——+° -2 4 (=1t
n(l+z) 9312+23 Tt +(—1) n+0( ™)
tan(x) :$+§x3+ﬁx5+o(x5)
Vi du 16. Viét khai tri€n Maclaurin dén cip 3 cho ham s6 f(z) = %2
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Giai

Khai trién Maclaurin cta f(z) t6i 23 1a

SO 0 5, f70)
f(x) = f(0) + T T+ 5 r? + 30 z® + o (2%)
Bién ddi f(x) = 3 - 5 + § - 715 r0i sit dung cong thic
1 \® (—1)"n! (=)l
r+a C (zta)t ., art!
=0

Khi d6 ta duge f(z) = —3 + £ — %2 + 2152"”83 + o (2%)

Vi du 17. Tim cac gidi han sau:

) % 4 2t
a) im ——
z—=0r —SsInx

2

6singc S ZL'_

b) lim 2

z—=0 arcsin 22 In(1 + x2)
1

. tanz \ =2
¢) lim
z—0 x

. 1—=+14z%*cosz
d) lim

=0 x3arctan(zP)
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KHAO SAT HAM SO

1 Khdo sat va vé do thi cha ham sé y = f(2)

So do khao sat:
« Tim TXD ctia ham s6, nhan xét tinh chin, 1é, tinh tuan hoan ctia ham s (néu co).
* X4c dinh chiéu bién thién (tinh don diéu)
« Tim cuc tri (néu co)

o Xét tinh 161, 16m va céac diém udn
Gia st ham sb f c6 dao ham cip hai f”(z) trén (a,b). Khi d6, f 16i trén (a,b) khi va chi khi
f"(z) > 0,Vz € (a,b). Ham sb f dugc goi la ham s6 16m néu — f 1a ham s6 16i

e Tim cdc tiém cin ctia ham s6 Ta bo sung khdi niém tiém cén xién:

Puong thang y = ax + b, a # 0 dudc goi 1a tiém cdn xién cia dd thi ham sb f néu:

lim (f(z) —ax —b) =0hodc lim (f(z) —ax—>b)=0

T—r—+00 T——00

Khi d6, cic hé sb a, b dudc tinh theo cong thic:

_ o i@ o o
epiel b i [71) 6
hoidc
a= lim @ b= lim [f(z)— ax]
T——00 T——00

+ Lap bang bién thién

 Tim mot s6 diém dic biét ma ham s6 di qua (vi du nhu giao di€m véi cdc truc toa do...) va vé do

thi ciia ham so.
2 Khao sat va vé duong cong cho dudi dang tham sb
Gia st can khao sat va vé dudng cong cho dudi dang tham sb

« Tim TXD, nhan xét tinh chén 1€, tudn hoan clia cac ham sb z(t), y(t) (néu co)

* Xéc dinh chiéu bién thién ctia cac ham s x(t), y(t) theo bién ¢ biang cach xét du cdc dao ham ciia

~

no.
* Tim céc ti€ém cén cua dudng cong:

- Tiém can diing: Néu lim y(t) =ocova lim x(t) = zo thi ¥ = 2 1a mot tiém cén ding
t—>t0(oo) t~>t0(oo)

cua dudng cong
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- Tiém can ngang: Néu lim z(t) = cova lim y(t) = yo thi y = y, 1a mot dudng tiém
t—to(c0) t—to(c0)

can ngang cta dudng cong

- Tiém can xién: Néu lim y(t) = cova lim z(t) = oo thi dudng cong c6 thé c6 tiém

t—to(c0) t—to(c0)
can xién. Néu:
_oy(t) :
= lim 22 p= 1 t) — ax(t
o= tm ot T i () — ax(t)]

thi ¥y = ax + bla mot tiém cén xién ctia do thi ham so.

» Pé vé dudng cong dudc chinh x4c hon, ta x4c dinh tiép tuyén ctia dudng cong tai cac diém dic

biét. Hé s6 goc clia tiép tuyén dudng cong tai moi diém bang

dy _ y

L
dr x|

Ngoai ra c6 thé khio sat tinh 15i 16m va diém udn bang cach tinh dao ham cép hai

/

@ _ d(x_i) _ ylx, — gt

dx? dx 1

<

* Xiac dinh mot s diém dic biét ma do thi di qua va vé do thi ham s6

3 Khao sat va vé duong cong trong hé toa do cuc

+ Trong mit phang, chon 1 diém O cb dinh 1am géc cuc va mdt tia Ox 12 truc cue. Vi tri ctia mdi
diém M trong mit phing dudc xac dinh bi vector OM. Goi r = |OM| > 0 1a ban kinh cuc va
goc ¢ = (Ox, 07\4) € [0,27) 1a géc cuc. Cip sb (r, ) dugc goi 1a toa do cuc cla diém M
— Toa dd cuc suy rong: Ta mé rong toa dd cuc cho trudng hop r € R, ¢ € R. Véi ¢ € R thi tahiéu
day 1a goc luong giac, con néu r < 0 thi ta xac dinh diém M (r, @) tring v6i diém M (—r, ¢ + )

y

* Trong hé truc toa do D& - cac vudng géc. Mot diém M trong mit phang sé c6 toa do Pé - cac
T =7rCcosp r=/r%+ y?

M (z,y) vatoadd cuc M (r, p). Cong thuc lién hé gitta hai toa do la: y
y=rsingp tan30:;(x7é0)

Vi du 1: Tim tién cén cia cic dudng cong sau
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a) y=v1+a3
b) y=In(l+e")

x3 arccot

0y = 1+ 22
r =2t—t?
d) 2016¢2
R E

r =t
e)
{y =14 2arctant

Loi giai:

a) y=v1i+ad
TXD = R = Ham s0 da cho khong c6 ti€ém can ding.
Ta co:

+) lim 2 — [ SRR 4]
r—+400 I T—>—400 €T r—+o00 I 1
= Xét: lim (y— )= lim V1423 —2z= lim =0
T—+00 T—>+00 T—>+00 ( 3/1 + l’3>2 A {L"3/1 + a3 4 22

= Ham s0 da cho c6 mot ti€ém can xién la: y = x

3 1 3
4 lm 2= tim Y% jim T
T——00 I T——00 €T T——00 I
1
= Xét: lim (y—2z)= lim v1+2®—2z= lim =0

T——00 T——00 T——00 (m)2 +x 3/1 + 73 + 12

= Ham sb da cho c6 mot tiém cén xién 1a: y = z (dd co)
Vay ham so0 da cho c6 1 ti€ém can xién la y = .

b) y=In(1+e7)
TXD = R = Ham s6 da cho khong c6 tiém can diing.

Ta co:
l 1 —T —T
o lim Yo pm BOAEE))
r—+4o00 I T—+400 €T z—+00 I
= Xét: lim y= lim In (1 + 6_1) = lim e *=0

r—r+00 r—r+00 r—r+00
= Ham s0 da cho c6 mot tiém can ngang la: y = 0

In(l4e*®
9 lm Y= o RO
T—>—00 U Tr—r—00 €T
In(l4e® e " 1
Xét L, = lim M: lim —— — lim — 1
T——00 (gj‘) z——0c0 | + e % z——o00 € 4+ ]

= Theo quy tac L’Hospital, L = L, = —1
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= Xét: lim (y+2)= lim (In(1+e*)4+2z)= lim In(e”"+1) =0
xﬁ/foo Tr—r—00 r—r—00
= Ham s0 da cho c6 mot ti€ém can xién la: y = —x
Vay ham s6 di cho c6 1 tiém cin ngang y = 0 v mot tiém cin xiény = —x
o) y— x> arccot x
YT +a2
TXD = R = Ham s0 da cho khong c6 tiém can dung.
Ta co:
2 2
arccot,
+) lim g _ lim rareers im < arccotx =1-0=0
zo4oo r  a—+too 1 4+ 22 z—+oo 1 + 22
3
3 x° arctan — 2
z° arccot x T
= Xét: li = lim ———=" = lim —% = 1 =1

= Ham s6 da cho c6 mot tiém cin ngang la: y = 1

x? arccot x 2

+) lim J_ lim ———— = lim arccotxr =1-m=m
T——00 I z——o0 14+ 22 z——oo | + 22

1
3 23(m — arctan — — ) — 7

x° arccot x

Ze. . _ = . an, S PPbE _ . €T
= Xet zl—l>r—noo (y 7T.1') mgr—noo 1+ 2 T zl—l>r—noo 1+ 2
. —x® -7z
= lim — =—
r——00 1+ 22
= Ham s0 da cho c6 mot ti€ém can xién la: y = 7o — 1
Vay ham sb di cho ¢6 1 tiém cin ngang y = 1 v mot tiém cin xién y = 7o — 1
r =2t —t
d) B 2016t2
Y o1
PKXD:1 -3 #40=1t#1
Ta co:
2016t
. ol 3 ) . . | EE )
s e B A 1 NS |
= Ham s0 c¢6 1 tiém cin ding: x = 1
2016t> 2016
+) lim x = lim (2t —t*) =—-00, lim y= lim —— = lim —— =0
t—+00 t——+o00 t——+o00 t—+oo 1 — ¢3 t——+00 1 _
t
= Ham s0 ¢6 1 tiém cdn ngang: y = 0
2016¢2 2016
+) lim 2 = lim (2t —t*) = —c0, lim y = lim = lim —— =0
t——o00 t—o0 t——o00 ts—00 1] — 3 t——00 1 ¢
t

= Ham s6 ¢6 1 tiém cin ngang: y = 0 (da c6)

Vay ham s6 di cho c¢6 1 tiém cén ditng 2 = 1 va mdt tiém cin ngang y = 0
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= ¢

e) o

y =t+ 2arctant
bKXb:t e R
Ta co:

+) lim = lim t =400, lim y= lim (t+ 2arctant) = +o0
t—+o00 t——+o00 t——+oo t——+o0
t tant
= Xét lim L=l TAANE_y
t—+oo I t—+oco t

7r
= Xét lim (y —x)= lim (¢ +arctant —¢) = lim arctant = —
t—+o0 t——+o00 t—-+o0 2

N A 2 N N c A s
= Ham so co 1 ti€ém can xien: Yy=2x + =

2
+) lim z= lim t=—oc0, lim y= lim (¢ + 2arctant) = —oco
t——o0 t——o00 t——o0 t——o0

¢ Y
o Xét lim L= qy LAretent

t——oco t——o0
o . , s
= Xét lim (y—z)= lim (t+arctant —¢) = lim arctant = ——
t——o0 t——o0 t——o0 2
N A 2 N - C A ™
= Ham s0 co 1 tiém can xién: y = =z — 5
A s A 3~ 2 5 noA B ALqs ™ ™
Véay ham so dachoco 2 tiémcan xiénlay =z + 5 vay =1 — 5

Vi du 2: Khio sét cic ham sd, dudng cong sau

x

a) y:e%*

b)y=vad—a2—z+1

o2t
T =
_ 42
o) _1t2t
Y = 1+¢
=2t —¢t2
d 27
y =3t—1°

e) r=a+bcosy, (0 <a<b)
f) r =asin3yp, (a > 0)
Loi giai:

a) y = e

1) TXb=R\ {0}
Ham s6 khong chdn, khong 18, khong tuan hoan.
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) 1 1 1 1
2) Xéty' = (-5 —1)er " =—(—5+1)e: ™ <0Ve € TXD.
X s
= Bang bién thién:
T —00 0 +00
Y - -
+00 +00
y
0 0

Ham s6 khong c6 cuc tri va nghich bién trén (—oc; 0) va (0; 00).
3) Ham sb c6 1 tiém cén ditng = 0 va 1 tiém cin ngang y = 0, khong c6 tiém cén xién.

4) Bang gia tri:
z|-2 -1 1 2

Njw

Yyl e 1 1 e

5) Do thi ham s6:

b) y=vad—22—z+1

1) TXb=R
Ham s6 khong chén, khong 18, khong tuan hoan.

32 —2x—1
3(\?/3:3—362—95—1—1)2

2) Xéty =

1
=y khong xacdinh s r=1ver=—-1. y=0r=—-

3
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= Bang bién thién:
1
x —00 -1 —= 1 +oo
3
Y - + 0 - +
Ham s6 ¢6 3 diém cuc tri gdm 2 cuc tifulaz = —1vaz =1valcucdailaz = —=

. . 1 R 2 1
Ham s6 nghich bién trén (—oo; —1) va (—g; 1) va dong bién trén (—1; —§> va (1; 00).

3) Ham so0 khong c6 tiém can ngang va tiém can ding.

3/n3 _ 2 _ 1
Xeét: lim ¥ = fim YO - el
r—0o0 U T—00 a5
Xét: lim (y —x) = lim <\3/x3—:):2—x+1—x>
T—r00 Tr—r00
' —z?—z+1 1
= lim 5 = —=
o (Y3 —?—x+ 1) +o(Vd—2?—z+ 1)z +a° 3
. 1
= Hamso cé 1 tiémcan xiénlay = x — 3
. ~ 1
Tuong tu khi x — —o0, ta dugc 1 ti€ém cdn xién la: y = x — 3
. i = 1
Vay ham so cé 1 ti€fm can xiénlay = x — 3

4) Xét phuong trinh 7 = 0 = D6 thi ham s6 cit Ox tai 2 diém (—1;0) va (1;0)
Db thi ham s6 cit Oy tai diém (0; 1)
Bang gia tri:
x| -2 -1 01 2
y \ V9 0 10 V3

5) D6 thi ham sb:
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1) TXP = R
Ham s6 khong chin, khong 18, khong tuan hoan.

2z + 1
2 +1 )
:>y’:0<:>x:—§.

2) Xéty' =

= Bang bién thién:

T —00 —% +00
y - 0 -
-1 1
V5

Ham s6 ¢6 1 diém cuc tiéu la z = -5
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N A . <A A 1 N A <A A ]'
Ham so nghich bién trén | —oo; 5 va dong bién trén —5; o0 |.
—2x% — 2 2
3) Xéty' =0= L —TTE_ g4 92 9p42=0
(22 +1)
—1+V5
=x = T\/_ (béu 1a nghiém don)
R ) _ ) —1++5
= D06 thi ham s0 ¢6 2 diém uon Ung véi x = T\/_
4) Ham sb khong c6 tiém can diing, tiém cin xién va c6 2 tiém cAnngang lay = 1 vay = —1.
5) Xét phuong trinh y = 0 = D thi ham sb cit O tai 1 diém (2;0)
Do thi ham sb cit Oy tai diém (0; —2)
Bang gia tri:
x| =2 -1 0 1 2
Whoo w2 V2
5 2 2
6) Do thi ham sb:
Y
y=1
1
4 -3 -2 -1 0 1 2 3 407
y=-1
2
\} — T —2
Y x2+1
_30

= 2t — {2
d) T t—1
y =3t—1t

1) DKXD: t € R\ {-1;1}

Ham s6 x(t) khong chdn, khong 1, khong tuan hoan.
Ham s6 y(¢) 1a ham I¢.

2) e Xétz,=2-2t
=r=0t=1
= Bang bién thién:



H6 trg sinh vién Bach Khoa

CLB H6 Trg¢ Hoc Tap
t|—o0 1 o0
x + 0 -
T s — b —00

Ham sb x(t) dong bién trén (—oo; 1) va nghich bién trén (1; c0).

s Xéty, =3 — 3t?
=y =0t==+1
= Bang bién thién:

t —00 —1 1 +o00

Yy - 0 + 0 -

N

Ham s6 y(t) dong bién trén (—1; 1) va nghich bién trén (—oo; —1), (1; 00).

3) Tir bang bién thién, do thi khong c6 tiém can diing va tiém cin ngang

AR
Xét lim 2 = lim
t—+oo 1 t—+too 2t — t2

Vay do thi khong c6 tiém can xién

=0

4) Xétphuong trinhy = 0 = t = 0Vt = 4+/3. D4 thi ham s6 cit Oz tai 1 diém (0;0), (0; v/3), (0; —v/3)
Xét phuong trinh 2 = 0 = t = 0 V ¢ = 2 Dd thi ham s6 cat Oy tai diém (0;0), (2;0)
Bang gia tri:
t[-2 -1 0 1 2

x| -8 -3 0 1 0
yl-2 -2 0 2 —2

5) Db thi ham sb:
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{x =2t — 2
21 3
y =3t—t

e) r=a+bcosp, (0 <a<b)

HTXD=R ,
Ham s0 chan, tuan hoan véi chu ki 27 = Xét ham s0 trén [0; 27].

2) Xétry, = —bsinyp
:>r’:0<—j><p:k:7r (V6i k € 7).
= Bang bién thién trén [0; 27]:

2 0 ™ 2T

r’ — 0 +

r a+b\a_b/a+b

3) Doa — b < r < a+ bnén ham s6 khong c6 tiém can.

4) Xéty =rsinp =0=>p=knr V= arccos%a + k27 (k € Z) D6 thi ham sb cit O tai nhiéu
nhit 3 diém (0;0), (a + b;0), (b — a;0)
Xétx =rcosp =0= tpz%%—kﬂ\/go:arccos%a—l—k%r(k € 7) Db thi ham s6 cit Oy tai 3
diém (0;0), (0; a), (0; —a)
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Bang gia tri:
0 T U 2m
I 7r
v 32 3
ria+b a+=- a a—3 a—>b
5) D6 thi ham sb:
Y
24,
1
4 -3 -2 -1
—1
—921 r=1+2cosp
f) r = asin3p, (a > 0)
1) TXP =R
2T s MW
Ham s0 1é, tuan hoan véi chu ki 3 = Xét ham so0 trén [—g,g]
2) Xétr), = 3acos3p
:w/:o@gp:%w% 6i k € 7).
= Béng bién thién trén [—%; %]
- 7r I T T
3 6 6 3
r’ - 0 + 0 =
1 -_—

3) Do —a < r < a nén ham so6 khong c6 tiém can.

4) Xéty:rsing):O:>g0:k7rVg0:k%(/{EZ) P thi ham sb cit Oz tai 1 diém (0; 0)

Xétx = rcosp = 0 = ¢ = g—l—lm\/go = k%(k’ € 7) Do thi ham s6 cit Oy tai 2 diém
(0;0), (0;

—a)

5) Do thi ham sb:
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y
4
3
2
1

—4 -3 —2 —1 1 2 3 4 T
j r = 3sin 3¢
—4




