Chuong 2

H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

Phép tinh tich phan ham mét bién sb

2.1 Tich phan bét dinh
Bai 50: Tinh cac tich phan:
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— 2x) dac d(1 — 2?) .
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2 4
_ 3 —2x
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= — 82 4 Se 2 sin3g — o 3xd
—26 cosyc4 S x4 e “* cos 3xdx
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) B 23 4 4
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f) I = / arcsin® zdz
y . 7 T
bitt = arcsinz, (—5 g 5) = x =sint = dx = costdt
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Bai 52: Lap cong thic truy hdi tinh ,,,n € N
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= —sin" txcosz+ (n—1) / (1 — sin® z) sin™ % zdx
= —sin" 'zcosx + (n—1) (/ sin” % xdx — /sin" :vd:v)
= —sin" txcosz+ (n—1) (Lo — I,
= nl, = —sin" 'xcosz + (n — 1)1, _»
1 —1
= [, =——sin" lxcosx + n—]n_Q VneN,n>2
n n
Méloz/da::m—l—c
I, = /sin:cd:c = —cosx+C
1 -1
= J,=——sin" ‘zcosz+ n—In_z
n n
1 > 1 —1)(n—-3
= ——sin" tzcosx — iy & sin” 3z cos x + G )(n )In_4
n n(n — 2) n(n — 2)
= »
: — DH!l(n —2k)N — il .
— @ e ) sin” 1% g cos x + ulo v6i n chan, n > 2
—~ nll(n — 1 —2k)! nl!
—_ n—1
= N
(n—1N(n =21 . | o (n—1)!! e
- " —— 1 Ginlé
2 Wl(n — 1 —2k) sin rcosx + ol 1 VOILn
lz+C voin =0
( n—2
< (n— )!!(n — 2k)!! — 1l .
— &  y ) sin” 7% 1 cos x + ux +C v6in chan, n > 2
prd nll(n —1—2k)! n!!
— n—1
] <& (=Dl —2k)! — 1!l
— (n = Dn ) sin" %% g cos v — (n=1) cosz+C voinlé
— nll(n —1—2k)! nl!
(2 +C véin =0

55



c) I, =
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Li gii:
d )
— [ et
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y
d [ e, dF(y) - F) 2
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Bai 54: Dung dinh nghia va cach tinh tich phan xac dinh, tim cac giéi han
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1 1 2
b) hm—<\/1+—+\/1+—+...+,/1+ﬁ)
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n—1 1 1
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1
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Bai 55: Tim cac gidi han
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sinx T T 2
/ Vtan tdt / (arctan t)?dt / et dt
a) lim b) lim 2 ¢ lim —%
z—0 tanz x—++00 2+ 1 x—+00 ,
[ e [ eta
0 0
Loi giai:
/ Vtantdt
X A e <. A g g U
a) L = lim —————, dé thiy gi6i han nay & dang vo dinh —
r—(0 tanz 0
/ Vsin tdt
0
Xét:

/\/tantdt
Ly — lim 0 I cos x+/tan (sin z)

7 = 11Im
x—0 tanx x—0

1
/ Vsin tdt cos? x

0

sin (tan x)

= lim cos® z viensmz) (sinz)
20 sin (tan x)
= limcos® 2. Y2 =1

z—0 \/E
(Do khi  — 0, cac VCB sau tuong ducng v6i nhau: z ~ sinx ~ tanx ~ sin (tanz) ~ tan (sinz))
= L = L; = 1 theo quy tic L’Hospital.

T

/(arctan t)*dt

b) L= lim 2 > , d& thiy gi6i han nay & dang v dinh &
x—+00 x4+ 1 oo
Xét: )
/ (arctant)?dt 2 [ 1
: 0 . (arctanz)? I + 22
L1 = hm 7 = hm — = hm - r 0 -
z—Fo00 2 z—+00 z—+00 4 4
(Va2 + 1)
241

2
=L=L= WZ theo quy tic L’Hospital.

2

T

/ et dt

X 1 4 . < o n 3e 0.9}
¢) lim =% 7 dé&thdy gii han nay & dang vo dinh —
Tr—r—+00 ) O
/ e dt
0
Xét:
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xr 2 X
( / e’ dt 2¢e” / e’ dt
« Ly = lim —° = = lim -
T——+00 T T—+00 e~r
( / 2 dt
0
2 ( / e’ dt
. 0 e < e o0
= lim ———=—", gidi han nay ¢ dang v6 dinh —
T—+00 er o0
2 / e’ dt
2e"” 1
e Ly= lim o &= — lim — = lim - =0
T—+00 (612> z—+oo Qre® T—+00 I

= L = L, = Ly = 0 theo quy tic L’Hospital.
Bai 56: Tinh cic tich phan sau:

e 1
. 2
a) [ |nz|(z+ 1)de d /Md
/| I ) ) (1 + tan?z)? v
1/e 0
e 3
b Inz)d i ‘
) /(rc nx)dx €) /arcsm -
1 0
37‘(‘/2 7r/2
) / dx N p N
C e —
Sp—— ) cos" x cosnxdr,n €
0 0

Loi giai:
e 1 e

a) I:/|lnx|(x+1)da;:/|lnx|(m+1)dm+/|1nx|(m+1)d$
1

1/e 1/e
1

Détl'l:/\lnx|(3:—i—1)dx:/—lnx(x—i—l)dx
1/e 1/6

bit I, = /|1nm| x+1)dm—/lnx(x—|—1)d

Khidé I =1, + I,. Su dung t1ch phan tiing phan,ta c6:

2 1 22 1 1 x 5 3 2
I =-1 —(—= der = —— — — —+lde=-——— -
1 n$(2+$)1/6+/x(2+93)x 502 €+/2+ =TT
1/e 1/e
x? 61 x? ez 5
I2=1n$(7+x)|§—/;(3+x)dx:Z—i—A—l
1
2 3 2 5
==+, = fi— - — =4 =
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e

b) bat [ = / (2 In x)*dz, Thuc hién tich phan tiing phan:

1
Inx .
du = 2—dx 3
u = (Inz)? x _ 20 2,
{dv — g2z z3 — 1 = (Inz) 3l 37 In zdx
v=— /
3 . h
sne [ 2 2 2 4 2
Thuc hién tich phén tung phan: / 37 *Inzdr = In 37%‘1 /§x2dx — 2763 4 -
1 1
e’ 4, 2 5, 2

B AT
o I—/ dx _/ dx +/ dx
) cosx+2 ) cosx+2 cosx + 2
0 0 ™
Détu:tanzﬁx:2arctanu—>dx: du
2 1+ u?
o 2u 1—u?
Taco: sinx = ———;cosx =
%2—1—1 1—5u2
Wi = v ¥
1= | /% _ L & d d
/2+1_u2+/2+1_u2 /3+U2 u+/3+u2 B
° 1+uwz " 14wz o
I:l arctan —e|+> +iarctan—| X —£ 2\/_ %
V3 v3© V3 V3723 9 9
L 1
d) I:/%Cozs%dx:/smac2 cos® xdr = /smx (1 — sin® z)? cos vdx
(1 + tan*x)
0 0
1
I= /sinx2(1 — sin® 2)?d(sin z)
0

bit u = sinx — du = cos zdz. Doi C@ni{ﬁiﬁ):gigm Tich phéan tré thanh:
sin 1 sin 1
T N VA
I = /U2(1_U2)2du: /(u6—2u4+u2)du:(u——i+u—) %ml
7 5 3
0 0
sin”1  2sin®1  sin®1
T
d r+1)

3 3
e) I = / arcsin 4 / * dr = / arcsin
r+1
3
=(x+1) arcsm,/ / d(arcsm,/ )
r+1
0
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5 :c+1 / 5 0
mdo = = [ g = T - (WD) =T -V
0

T
2

cos" x.cosnxdx. Taco: Iy = /dw = —. Xétn € N*, ta co:
0

St~y

cos[(n — 1)x] + cos[(n + 1)z] s

/0
2
COSn x. COSLL‘COS nx /COS _1 9
0

m
) 2

cos" ! z. cos[(n + 1)z]dz + 3 /cos x.cos[(n — 1)x]dz
0

1
08" ! x.[cos(nx) cos ¥ — sin(nx) sin x]dz + §In_1

@)

1
[n cos(nz). cos™ x + sin(nx).(—nsinz cos" ™ z)|dx + §In_1

O\wl ﬁo\nﬂ 3

1
o [(sinnx). cos™ z + sin(nz).(cos™ x)'ldx + §In,1
n
sinnx.cos"xw/Q_i_lj_ —O~|—1I —11
m . 2 n—1 — 2 n—1 — 2 n—1
10)==
2 L Vn € N*.

Do do:

1 —,
In = 5 n_l,VTLE N* 2 +1

Bai 57: Ching minh rang néu f () lién tuc trén [0, 1] thi

Ap dung

™

1./

0

a) /f sinx)d //f(cosx)dx

b) O/xf(sin:p)d:p:o/gf(sinx)dx

tinh céc tich phan sau:

x sin xdx ™2 Vsin rdx
2. - dz
/ VSsImzx + 4/cosT

1+ cos?z

Loi giai:
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a) f(x)lién tuc trén [0, 1] nén f(sinx) va f(cos x) kha tich trén [0, g]
w/2

Xét tich phan I = / f(sinz)dz. Déi bién t = g —x = dv = —dt.

0
D6ican:Khix:O:>t:g;khiw:g:mf:O.Tacé:

0 w/2 /2
I = /f(sin(g —t)).(—dt) = /f(sin(g —t))dt = /f(cost)dt.
" /2 w/2 ’ ’
Suyra: [ f(sinz)dr = [ f(cosz)dx (dpcm).
[romoe=]

™

b) XétJ:/xf(sinx)da:.})étx:w—tjdx:—dt.DSican:{gzgzizg . Ta c6:

J= /w—t (sin(r — )).(—df) = /(w—t)f(sin(w—t)dt

™ ™

= [ (m—=t)f(sint)dt = [ wf(sint)dt — [ tf(sint)dt
w0 M
Tite Ta: J — /wf(sint)dt _ -4 %/wf(sint)dt _ g/f(sint)dt.
0 0 0

™

= /xf(sinx)dx:/gf(sint)dt(dpcm)
0

0

Ap dung tinh céc tich phan:

‘ 5 1a ham lién tyc trén [0, 1].

1. Ap dung dang thiic & cau b, v6i f(z) =

sin x

= f(sinzx ———— Tacé:

f )= 1 +COSQSL’

/ x sin xdx /7T sin xdx 7r/ (cos z) T fan( ) e
S = —— = ——arctan(cosz)| = —.
1+ cos?z 2 1+ cos?x 2 1+ cos?z 2 0 4

0 0 0

\/_
Vi + V1 —a?
vVsinz B v/sin xdx
Vsinz + /1 —sin’z vsin:z:—l—\/cosx’

/2 /2 /2 /2

2. Ap dung ding thic & cau a, véi f(z) = lién tuc trén [0, 1].

= f(sinz) = Vo € |0, g].Ta cO:

v/sin zd v/ d
I= _ R /f(sina;)da: = /f(cosa:)d:n = ik x‘ dx
VST + 4/COST ) \/COSXT + v/SsIinx
w/2 w/2 /2
1 v/sin zdx v/cos xdx 1 17w =
=] = dx + dr | == | dr=—=-.— = —.
2 / Vsinx + \/cosx Vsinx + \/cosx 2 / 22 4

Bai 58: Cho f(x) va g(x) 1a hai ham s6 kha tich trén [a, b]. Ching minh bit ding thic:
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b

/bf(:c)g(x)dx 2§ /bf2<l‘)d:€ /gQ(:r;)dx (v6ia < b)

(Bt dang thitic Cauchy-Schwartz)
Loi giai:
V6i bat ky cac ham f(z), g(x) thda man dé bai, ta co:

(tf(z) + g(x))? > 0.Vt € R = /(tf(:z:) +g(@))2dz > 0.Vt € R
/f2 Ydx | 2+ Z/f x)dx | t+ /92(3:)d3: > 0,Vt € R(¥)

a

+)Neu/f Ydx =0 = f(z) =0,V € (a,b) :>/f x)dz = 0 = thda man bit dang thic da

cho.
b

+) Néu / fA(x)dr # 0 = Vé trdi (*) 1a mot ham bac hai dbi vé6i bién ¢, lai c6 da thiic nay khong am véi

VEeR = A/ <0
b

/b f@ga)da | - / paic| | [ i) <o

b

/b f@)g()de | < / s | | [ # s

Két hop hai truong hop lai, ta ¢ diéu phai chiing minh.
2.3 Tich phan suy rong
Bai 59: Xét su hdi tu va tinh (trong truong hop hdi tu) cac tich phan sau:

0 1 d +00 d

a) /xe dx c) / ) e) / 2342

—00 0 0

~+o00 d +o0 9 41

T i
_— d d

b) / (22 +1)2 ) /a:lna: D /x4+1 v

— 00 0

Loi giai:
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a) Trudc hét ta tinh tich phan bét dinh:

/a:ezdx = /xd(e:”) =ze’ — /exdx =ze" —e*+C = (z—1)"+C.

Suy ra:
0 0 0
/ ze'dr = lim [ ze"dz = lim [(x —1)e*]| = lim [-1— (A —1)e’]
A——00 A——o00 A A——00
—00 A
:—1+A£IPOO g :(Lopztan)—l—i-AgIEloo__A:—l—i-O:—l
0
Do d6 tich phan da cho hoi tu va / retdr = —1
T o rod
x T x S
b)I= [ ———= . Lan lugt thuc hién céc phép tinh:
) / 1) / 1) + / CEE an lugt thuc hién cdc phép tin
—00 0 —00
T . r=0=1t=0
+) Tinh J = / m.})atx = tant = dr = (1+tan®¢)dt. Doi can: T o0 =t (g)‘

0
Tich phan tré thanh:
w/2 /2 /2

(1+ tan®t)dt / . / cos2t 1 sin2t ¢

oy A tdt = 2 ) dt = -

/ / (1+ tan®£)? ‘Y > T3 1 '3
0 0 0

0
d 2 2 o , <A 2.
+) Tinh K = / ﬁ C6 thé tuong tuy nhu trén, hodc c6 thé thuc hién phép bien doi u = —x
x

s
2

0

™
1

dé chiing minnh J = K. Suy ra dz = —du. D6i can: {i io_?ou :uO: Loo -Dodo:
0 +00
—du du T
K fr— —_— = B — J — —
/ ((—u)? +1)? / (u? +1)° 4
“+o00 0
oo
Va / du J+ K T diéu nay chiing td tich phan da cho hoi t
—_— = = —, diéu u.
y (@ +1)? 9 y g p 01 tu
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1/2

Trudc hét ta di tinh nguyén ham:

o) I =

€x — —

= arcsin TQ + C = arcsin (22 — 1) + C.

SERENE R

d 1/2
J=lm [ ———— = lim (arcsin(2x — 1)| = lim (—arcsin(24 —1)) = s
A—0+ gj(l — g;) A—0+ A A—0+ 2
A
B i 5
K=1lm [ —2 = lim (arcsin(2z — 1) = lim arcsin(2B — 1) = T
B—1- r(l—1z) B-ol- 12 Bo1T 2
1/2
Do dé, I = J + K =, diéu nay chung t6 I hoi tu.
T A 7 (1
d)I:/ Y — lim leim/m
rlnr A-+oo ) xlnxr A-+oo Inx
2 2 2
A
= AETOO ln[ln(x)]‘ = ALHEOO(IH(IH A) —In(In2)) = +oc.
=> tich phan da cho phan ky.
400 A A
)1 / dx ! / dx /
e) [ = | ———— = lim
2137 +2 Aot 2430 +2 A—>+oo x+1 x—|—2
0 0 0
A
= lim [(In G ! = lim (In il —ln1 :lnl—lnlzan.
A—+o0 x+2|)|, A=t T+ 2 2 2

=tich phan da cho hdi tu.
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—+o00 1 +00
2 +1 2?41 2?41
D /:104—1-131j /x4+1 x+/x4+1x
0 0 1
J 1a tich phan xac dinh = J hdi tu.
K 1a tich phan suy rong c6 di€ém bat thudng +oo.
+

2 1 2
Tacé:Khix—>+oo:x + *

zr+1 ozt

= K hoi tu theo tiéu chuén so sanh.
Vi J, K hdi tu = [ hoi tu.

1
1
14+ —
1
J hoi tu nén: J = /m + m:/ 2?2 dr = lim
0o T3
1
= lim < = Larctan 24
_A~>O+ 1 2 A—0*t \/§ \/_
A loe——) +2
T
1
A— —
1 —7
=1 0 — — arct A =0 ——=—
145{)1+ \/iarc an 7 52
V6i cach 1ay nguyén ham tuong tu, ta co:
1
1+— 1+ =
1
K= /x4+1m:/ xida::Blim xi
' .T2+—2 HJrool 5132‘{'—
T 195
xr— — B 1 B — —
= lim — arctan ——% = — arctan B
B—+oo | /2 V2 1 V2 V2

Vay [ =J + K = —

7

Bai 60: Xét su hdi tu cua céc tich phan sau:
baifh
a) / —n( ;I_ z) dz
xXr
1

b) / dx

xdx

Loi giai:

H6 trg sinh vién Bach Khoa
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1 1
N—:—Q,mé/—deh()itu(dooz:2>1)
x x

—+00

T —sinx
oy R

0

—+00

. arctan x d
l) W T

0

—+oo
i) /sin?xdx
T
0
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a) bat f(x) = ot chon g(z) = 3 la cac ham duong, lién tuc trén [1, +00].
In (1 + )

In(1
Xeét gigihan: lim 1) = Jim 2 gy BOED) e O
z—too g(x)  a—+oo 1 zotoo /T 00

23/2
1
2 2
(Dung Lopitan) = lim 1+2 _ iy Ve = lim ﬁ =0.
T—+00 1 z—+oo 1 + r—+oo I

+o00 +oo
1 . 3
Ma / g(x)dx = / 3—/2dx hoi tu theo tiéu chuan so sanh (vi a = 3> 1)
x

1 1
—+00 —+00

In(1 0
= / f(z)dx = / n(—;f—:c) hoi tu theo tiéu chuén so sanh.
s
1 1 1
b) f(xz) = —— > 01lién tuc trén [1, +00|. Diém bit thudng cla tich phan 1a +oo.
) f(z) N j [ ] g p

—+00

) . 1 1 1 3
Khi x — 400 thi / —7;dx hoi tu theo tiéu chuin so sanh (via = 3 > 1)

v+ a3 \/_

“+o0 —+o0
dx ;
= z)dr = / ——— hoi tu theo tiéu chuan so sanh.
| ) NoEr Rtk
1 1

d
c) Xét f(x) = %, ta co:
In° z
1
3 3/ 9 3
i VTG = i 17 (52 opitam) = i S = i 7 = o
x
= lim f(x) = 400 = ton tai Ny > 2 sao cho: f(x) > 10,Vz > N.
T—r+00
+o0
xdm : m— —
> 10,Vx > Ny, ma / 10dx phan ky = J phan ky
In® z
No

d) Nhan thdy: f(z) = tanx — x dong bién trén (0, +00) = 0 = f(0) < f(z) < f(1) < 2
Tich phén da cho 1a tich phan suy rong c6 diém bat thudng 1a z = 0.
1 1

3
Khi z — 0", ta co: = 3 ~—.
tanx — T 3
x—l—g—l—o(:c?’) -z

1 3
Mait khac / —dx phanky via =3 ¢ (0,1) = /—3d:£ phén ky.
x x

1

dx . n o )
= / —— phan ky theo ti€u chuan so sanh.
tanz — x
0
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e) bat f(r) = ———— > 0lién tuc trén [0, 1).

Vadx
CoV1I=at
Diém bat thudng clia tich phan suy rong 1a z = 1.
NG 1 1

Vi—at V(I —2)(1+ x4 22 + 23) T2 - o)

Khiz — 17, taco:

1
1 1 1

0
1
d 2
= / %dm hdi tu theo tiéu chuan so sanh.
/ —x
s w/2 T
dx dx dx

Dét[z/ =1 +1 V6iI:/ VéI:/ .
i Vsin x ' ! Vsin 2 Vsin z

0 0 /2

1
+) Xét I . Taco: f(z) = -

Vsin

= I; c6 diém bt thudng x = 0. Khi z = 0*:

> 0, lién tuc trén <0, g]

i
Il
|

1
Voms V& O
/2

1 o
ma / 1—/3dx hoitudo o =1/3 € (0,1) = I hdi tu theo tiéu chuan so sanh.
x
0

1 s
+) Xét I,. Tacod: f(x) = > 0, lién tuc trén <—, 7'(']
R 2
= I, c6 diém bét thuong x = m. Khi x = 7
1 1 1 1

Vsinz ¥/sin (7 — ) Vr—z (m—z)/¥

™

1 .
ma / —————dxhditudoa =1/3 € (0,1) = I, hdi tu theo tiéu chuan so sanh.
(m —x)l/3

w/2
Vi I, va I, hoi tu = [ hoi tu.
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1 +oo

+o0o
¢ DétI:/lnl—i-?)x /ln 1—|—3x +/1n(1+3x)dxzfl+]2
/T
0 0 1
1
In(1 In(1
Vc’ii[lz/mdxvalgz/ al +3I)da:
0 1

+) Xét I, 1a tich phan suy rong, c6 duy nhit mot diém bét thuong x = 0.

In(1+3
Xt f(z) = PE3D) 6 v e (0,1] Khiz = 0*:
T\/T
1
3x 3 . 3 n.
f(.T)Nm:m,ma/md$h01tUd0a:1/2<1
0
In(1 .
. / (1 +3%) /- 1oty theo tiéu chudn so sanh.
/T
In(1+3
+) Xét Ir. Tacé f(z) = mI+37) oy
T\/T
In(1+3
lim M—0V01a>0tunyayoz 1/3.

T—+00 re

In(1 +3z) 23 1

< =
T\/T T/ & /6

Khi x — +00: 0 < In(1 + 3z) < 23 = 0 <

+o00o
ma / x7/6d:ch01tud0a =7/6>1

1
—+00

In(1+3 .
=1, = / udm hoi tu theo ti€u chuan so sanh.
/T

+oo
Do I; va I; cung hdi tu nén /

0

In(1 + 3z)
r/x

dz hoi tu.
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+oo 1 +o0o
o x—smx T — r—sinzr
h) bat I = / \/F d:c—l— —\/ﬁ de =1, + I,
0 0 1
1 +o00

VT

0

+) I, 1a tich phan suy rong, c6 duy nhit mot diém bat thudng z = 0.
3 T —sinx

Xét f(z) =

Na
1,3

Dung khai trién Maclaurine, khi z — 0% thi: x — sinz ~ 5

. T —sinx R x—smx
V6il, = | ———drval, = /
1
lién tuc trén (0, 1].

1

. ?/6 1 . 1 2
Va f(x) ~ U 6 1/2>0V:c€(0,1]ma/6361/20330h(,)ltl_ldoa—1/2<1
1 . 0
=1, = TR héi tu theo tiéu chuin so sanh.

VaT

T —sing
+) Xét I. Tacod: f(r) = ———
N

Vi [sinz| < 1 = sinx bi chan, do d6 khi x — +oc:
+oo

>0,Vxr>1(viz—sinz >1—sinz > 0,Vz > 1).

flz) = I—\/i_ljlx N \/2_7 = x;ﬂ’ma / #dmh(}itudoa— 5/2>1
+o00 . '
= [, = %dw hoi tu theo tiéu chuén so sanh.
7
400 .
Do I; va I, cung hoi tu nén / %dm hoi tu.
x

0
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+oo 1 +oo
arctan x arctan x arctan x
Dét]:/ / /—dq::I LI
J /73 J N /73 ! 2
1 +o00
. arctan x . - arctan x
lell—!deValg— 1/ W i
) - arctan x o R . N L oo 1A R
+) Xét ;. V6i f(z) = —a > 0 lién tuc trén (0, 1] = tich phan I; c¢6 diém bat thudng = = 0.
T
Khi x — 0+ thi:
1
v _ 1 ! psitudoa —1/2€ (0,1
f(@N—%— —ij3 ma Jijp nottwdoa = /2 €(0,1)
0
1
t 0
=1 = Mdm hdi tu theo tiéu chuan so sanh.

a3
arctan x

+)Xét I,. V6i f(x) = T
z = +oo. Khi z — +ooth1

7/2  w)2 \/7r/

> 0 lién tuc trén [1, +o0o] = tich phan I, c6 di€ém bit thudng

drhditudoa =3/2>1

f(z) ~ Vo g™ 3/2
1
+o0 ¢
= I, = AT b hoi tu theo tiéu chuin so sanh.
V3
+00 ;
A s . a R arctan x Y
Vay [, va I, cung hoi tu nén 0/ de hoi tu.
+oo 1 +00
it [ — / sin 2x / sin Qm / sin Qxdx i,
x
0 0
1 +o0
2 in 2
Véi I, = / S0 2T e va I / il 1%
"
" 2 ' in 2
Y v 2227 oW Sweine B A9 NP2 B A DT
z—0t T . . X
= [ la tich phan xac dinh = [; hoi tu.
+o00o
1
+) Xét tich phéan I, = / sin 2z.—dx.
x
1
4 A

Taco: F(A) = /sin 2xdr = 1/2.(—cos2x)| =1/2.(cos2 — cos2A)

1
1

= |F(A)| =1/2.]cos2 —cos2A| < 1/2.(|cos2|+ |cos2A4|) < 1/2.(1+1) =1
- F(A) bj chin khi A — +00

—+00
1 sin 2x .. . o e
Ma — ddn dituva lim —=0= [, = dx hdi tu theo ti€u chuan Dirichlet
T—+00 T T
1
+oo
N N N . sin 2x .

Vay [, va I, cung hoi tu nén / dx hoi tu.

0
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Bai 61: Néu / f(x)dx hoi tu thi c6 suy ra duge f(x) — 0khi z — +oo hay khong?

+oo
Xét vi du /sin(xQ)dx.
L0
Loi giai:
+oo

Néu / f(x)dx hoi tu thi ta khong suy ra dudc lir+n f(x) = 0. Ta chi ra vi du:
Tr—r+00

sz dt
Xét [ = / sin(z®)dz. Pit 2 = v/t (do mién 14y tich phan c6 = > 0) = dz = NG
1
+00 y too y
R A :L‘:]_:}t:]_ . SlIl S1n
1 1
+00
Do / sintdt bi chdn, va o = 1/2 > 0 = I hoi tu theo tiéu chuén Dirichlet.
1
+o00 1
Nhu vy / sin(x =1+ / sin(x?)dx hoi tu nhung ta khong c6 hrJ]rn sin(2?) = 0 (Bang cach chon
T—+00
0 0

2 day aj, = Vkm vab, = \/7/2 + 2kx.)

Bai 62: Cho ham f(z) lién tuc trén [a, +o0) va lim f(x) = A # 0. Tich phan / f(x)dx c6 hoi tu

r—+00
khong?
Li giai:
Xét trudng hop A > 0. Vi lim f(z) = A = tdn tai Ny dli 16n (Ny > a) sao cho:

T—+00

f(z) > g,V:L’ > No(*).

+oo No +oo +00
Ta co: /f(a:)da::/f(a:)da:—l—/f(a:)dx. Xéttichphén/f(x)dm, ta c6 so sanh (*),

ma / —dz phan ky = / f(x)dz phan ky theo tiéu chuan so sanh = / f(z)dz phan ky.

No No
Véi truong hgp A < 0, ta chiing minh tuong tu.
+oo

Vay / f(z)dz phan ky.

Bai 63: Tinh dién tich hinh phang gidi han bsi
a) Parabol y = 22 + 4 va dudng thang x —y +4 =0
b) Dudng cong y = 23 va cic dudng y = z, y = 4z, (x > 0)
¢) Duong tron 22 + y* = 22 va parabol y? = x
d) Puong y? = 2% — 2*
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Hudng dan giai:
a) Phuong trinh hoanh do giao diém ctia parabol va dudng thang la:

Prd=rtde [ © =9 Hai db thi ct nhau tai cdc diém (0,4) va (1,5).

1 1 2 3 ! 1
:>S:/ [(:1:+4)—(1:2+4)]dx:/(x—:cQ)d:c: — - = -
; ] 27 3)| 6
b) Ta co:
2 1
S = / (4o — 2¥)dr — | (x — 2%)dx
0 0
(oI (2]
1)), \2 " 1)/]|,
15
4
¢) Do ham sb ctia do thi chin ddi v6i y nén ta xét y > 0.
Khi d6 cédc phuong trinh tré thanh: y = /22 — 22 vay = \/x
Dién tich ntia trén ctia do thi tao véi truc Ox la:
1 1 1
S, = 5#.12—/ (\/Zx—xz—\/f> dx:g—/ (\/Zx—xQ—\/E) dx
0 0

1 1
Xét tich phan: [ = / V2 — x?dr = / Vv 1—(z—1)%dz.
0 0

bitx — 1 =sinf = 0 € [—g,O}

0

0 O 1+ cos26 0  sin26 s
Khi dé: T = 20d0 = | ————di= | )
ido: [ /_Wcos 0do /_7r 5 de (2+ 1 )w 1
2 2 2
m TH B owh g T 4
VaySi1==-— |- — -x2 =—4+-=>5=25=—-+-
o L0 (4 395)0 173 i S

d) biéu kién xac dinh: 22 —2* >0 -1 <z <1

Do ham da cho chin d6i v6i ca x va y nén ta xét mién do thi & géc phan tu thi nhit D dudc gidi
0<z<1

han bdi: {y —_ \/m

batx =sinf = 0 € [O,

N[N

},tacé:

1 1
S(D) = / Va2 — zidr = / V1 — 22dx
0 0

:/2sin000829d9:—/200820d0050
0 0

|
. 3

cos> 6
3

o 4
Viéy dién tich hinh phang can tinh 1a: S = 45(D) = 3
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Bai 64: Tinh thé tich cta vat thé 12 phan chung cta hai hinh tru 22 + 32 < a®> vay? + 22 < a%,a >0
Huéng dan giai:
Do c4c ham déu chin dbi véi x,y, z = Vat thé dbi xiing qua ca ba truc toa do Decartes.
Xét phan vat thé 1a phan chung ctia hai hinh tru c6 1an lugt phuong trinh 1a 22 + 4% < a? vay? + 2% < a?
G goc phan tam thid nhat .
Xét mit giao bdi hai hinh tru ¢6 phuong trinh 22 + % < a? va y? + 2? < a?. Suy ra:

2 2

rT=z=\/a*—Yy

Khi d6 xét thiét dién tao bdi mit phang song song vdi truc Oy véi phan vat thé dang xét, khi d6 thiét dién
12 mot hinh vudng c6 canh r = /a2 — 2. Do d6 dién tich ctia thiét dién la:

S(y) = a® —y?*
Khi d6 theo cong thic tinh thé tich vat thé ting véi thiét dién ta c6:

a a 3 |a 2
V= / S(y)dy = / (0* —yA)dy = (a*y — Z)| = za’
0 0 37, 3
v 5 ~ 2 A 3 / 16 3
Suy ra thé tich cua vat thé can tinh la: V = 8V’ = ga
Bai 65: Tinh thé tich vat thé giGi han bdi mit cong z = 4 — 2, cic mit phang toa dd x = 0,z = 0 va

r=a,(a#0).
Hudng dan giai:

Xét thiét dién tao bdi vat véi mit phang vudng goc véi truc Ox c6 dién tich la:

S@ = [ -ay=

2
/S(x)dx /gdx
0 0o 3

Bai 66: Tinh thé tich khdi tron xoay tao nén khi quay hinh gidi han béi cac dudng y = 2z — 22 vay = 0.

Khi d6 thé tich cda vat 1a:
32

V= = §|a|

a) Quanh truc Ox mot vong.
b) Quanh truc Oy mot vong.
Hudng dan giai:

a) Phuong trinh hoanh d9 giao di€ém cta hai dudng la:

2 2
16
=V = 7r/ (22 — 2%)2dr = 7r/ (z* — 42® 4 42®)dx = —7
b) Thé tich ctia khdi tron xoay dudgc tinh theo cong thic:
2 2 3 4\ |2
2 8
Voy:27r/ xf(x)dxz%r/ (22 — 2%)dr = 27 i =
. ; 3 4/, 3

Bai 67: Tinh d6 dai duong cong
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4] , ,
¢ - khi x bién thien ti 1 dén 2

a) y=1In
6_

¢
b) {x =a (cost + Intan 5) khi t bién thién tir g dén g (a>0).
Yy =asint

Hudng dan giai:

2) | et +1 L er er —2e”
= 1n = — =

4 er — y et +1 er—1 e2@_—1
4e* (e* +1)°
=y +l=—"41=—""7
Y + (6256 _ 1)2 + (621 _ 1)2

Khi d6 do dai duong cong can tinh la:

L:/ drv. Ditt = e** — 1 = dt = 2e**dr = 2(t + 1)dz
1

e2r — 1
et—1 et—1
t+2 1 1
L:/ ——i—ﬁ:/ {__ }ﬁ
e2—1 2t<t + 1) e?2—1 13 2(t + 1)

1 et—1
=3 (lnt — —In(t + 1)>
2 e2—1

= (In(e* — 1) —2) — (In(e? — 1) — 1)
e? + 1)

Khi do:

=In(e*+1) — 1 = In(

tan? = + 1 1
b) Tacé: 2/(t) = a —sint+—2t :a(—sint—i—,—)
9 tan - sint
an

y'(t) = acost

= /) T ) = \/{a (_ pa—— L)r + (acost)?

sint
1
=ay/——— — 1 = alcot ]
sin“t

b0 dai duong cong:

us

3 2 d(sint
L :/ al cot t|dt = a/ (s'm )
z z sint

3

ol

= aln(sint)

(HE]

2
=aln —

V3
Bai 68: Tinh dién tich mat tron xoay tao nén khi quay cac dudng sau

a) y=sinz,0 <z < g quay quanh truc Oz
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1
b) y = 5(1 —12)%,0 < x < 1 quay quanh truc Oz

Huéng dan giai: St dung cong thic tinh dién tich mit tron xoay:

s [ @1+ )P

T
a) S:27r/2 sinzV'1 + cos? xdx
0

bitt = —cosz, (—1 <t <0) = dt = sinzdz
Khi do:

0
S=27r/ Vi2 + 1dt

0

:27r<t\/t2—+ ln(t~|—\/t2—)>
:7T<\/§—ln(\/§—1)>

-1

1
b) Tacé:y = —(1—z)?= S = 27r/ %(1 —2)*\/1+ (z — 1)4dz

0

0<t<1
Datt—(x—1)4:>{dt_: 4?517_1)3(1‘%
Khi do
%/ V1t tdt
27 31
:g(z\/i—l
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