H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

GIAI PE CUONG GIAI TICH I

Nhom nganh 1
1.1-1.4 Day s6, ham sb
Bai 1: Tim tap xdc dinh ctia cac ham sb:
2
a) y =+/2arccotr —m b) y = arcsin *
1+
c) y= \/E d) y = arccos (sin z)
sin 7

Loi giAi

a) y =+/2arccotx —m

bKXD: 2 arccotx — 7w > 0 & arccot x > g S <0

Vay tap xac dinh ctia ham s6: D = (—o0, 0]

b) y = arcsin 7

iy
1< < z# -1 1
DKXD: l+z Q] &D=|—,1
14+ 40 5 <z<l 3
x
©)y= .\/_
sin 7z
x>0 x>0 x>0
bKXD: & =4
sinx # 0 nx # kn (k € Z) x &7
< D =(0,00) \N
d) y = arccos (sin x)
DKXD: -1 <sinz <1&VreR VayD =R
Bai 2: Chitng minh cic dang thiic sau:
a) sinh (—z) = —sinh (z) b) sinh (z + y) = sinh () cosh (y)+cosh (x) sinh (y)
¢) sinh 2z = 2sinh x cosh (z) d) cosh (z + y) = cosh (z) cosh (y)+sinh (x) sinh (y)
e) cosh?z —sinh?z =1 f) cosh 2z = cosh? z + sinh? z
Loi gidi
a) sinh (—z) = —sinh ()
sinh (x) = ——
Ta co: 6_2”” _ e = sinh (—x) = —sinh (2)
sinh (—x) = —

b) sinh (z + y) = sinh (x) cosh (y) + cosh (x) sinh (y)
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ef—e T eY+e ¥ ef+e T e¥—eY

VP = : .
2 2 * 2 2
1 1
— 1 (6m+y L etV ety e—r—y) 4+ = (er+y P e e—w—y)
+y _ o—(z+y)
ST e+

¢) sinh 2z = 2sinh z cosh ()

T _ ,—T LT —x 2¢ _ 2z
Ta co: VPzQSinhxcosh(x):Ze 26 £ +26 = 26 = sinh 2x
d) cosh (x 4 y) = cosh (z) cosh (y) + sinh (z) sinh (y)

e"+e v el+e? ef—e T e¥—eY

VP = . .
2 2 + 2 2
1 1
= (e +e" Ve ™V e Y + 1 (" — ™ — e "M 4 7Y
z+y —(z+y)
= % = cosh (z + y)

e) cosh?z —sinh?z =1

et +e”* 2 et —e * 2 1
T: VT = | — S [ — = —(2 2) =1
aco: V ( 7 ) ( 5 ) 4( +2)

f) cosh 2z = cosh? z + sinh? z

T —z\ 2 x —z\ 2 2x —2x
— 2 2
Taco: VP = (%) + <1> = % = cosh (2x)

Bai 3: Tim mién gi4 tri cic ham s6

a) y =log (1 —2cosx) b) y = arcsin (log %)
¢) y = arccot (sin x) d) y = arctan (e®)
Loi gidi

a) y=log (1l —2cosx)

DbKXD:1—-2cosz > 0

V6i moi z thudce tap xac dinh, tac6: 0 <1 —2cosx < 3 = —oo < log (1 —2cosx) < log3
Vay tap gid tri ciia y 1a: ( — oo, log 3]

b) y = arcsin <1og £>

10
Tac6:D = [1,100]

x T m

Véimoiz € D= —-1<log—<1=-—-<y<=
1Mol x € _oglo_ 2_9_2
A A ., . 2 N Tr 7T

Viy tap gia tri cua y la: [— 5,5}

¢) y = arccot (sin z)
3T

Taco: D =R.Véimoiz € D = —1 <sinz < 1= arccot (1) <y < arccot (—1) = T

A A s o . |m 37
Vay tap gia tri cua y la: [Z’ Z}

T cy<
4—y_

d) y = arctan (e”)
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Tacé:D:R.VﬁimgixeD;»ex>o;»0<y<g

Vay tép gia tri cia y la: (O, g)

Bai 4: Tim f(z) biét

N . 1 T )2
a)f(x—l—x)—x +x2 b)f<1+x>—x

Lui giai

a) f(x—i—é) :x2+%
Détx+l:t:>]t\22

Phuong trinh tr& thanh: flt)y=t*—=2,V|t| >2
= f(z) =22 -2, V|z| > 2

b) f(lf—x) — 42

x t
Dit —t g A g
YT g T

¢ 2
Phuong trinh trd thanh: f(t) = (ﬁ) V£ 1

X

:>f(:r;)—( )Q,Vx#l

Bai 5: Tim ham ngudc clia ham sb

11—z

B 1—=zx
T l+4x
Loi giai

1
a) y = 2arcsinz b) y c) y= 5(6”” —e )

a) y = 2arcsinx

Tacé:z:[—1,1] - y: [_W F}

1oF 4
m:sin% = f () :sing, T € l%ﬂ,g]
1—x
)y_l—l—:r;
Taco:z: R\ {-1} -y : R\ {-1}
1—x 11—y
y = =r=—"
1+ I1+y
S ) = T, Ve £ 1
14+
1 —x
c)y—§(e —e?)
. 1 1
bite* =t(t>0)=y==-(t— -
2 t
t=y++y2+1>0 (Thod man)
=t - yt—-1=0= Y Y
t=y—+y2+1<0 (Loai)
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:>ex:y+\/y2+1:>x:ln<y+\/y2+1)
= fHz)=hh(z+Vz>+1),z€R

Bai 6: Xét tinh chan 18 cta cdc ham sb

a) f(x)=a"+a", (a>0) b) f(z) =In(z + V1 + 2?)
¢) f(z) =sinx + cosz d) f(x) = arcsin(tan x)
Loi giai

a) f(x) =a"4+a", (a>0)
D=R=VxeD=—-x€D
Xét f(—x) =a® +a® = f(x),Vo € D = f(x)1a ham chdn

b) f(z) = In(z + 1+ 22)
Tacé:z +vV1+22>0Wr e R= D =R
==VzeD=—-z¢e€D

Xétf(—x)zln(—x+m):1n<

= f(z)laham 1&

1

— | ==11 2) = —f(x),Vx
Hm) In(z + VIt 22) = — f(z),Vz € R

¢) f(x) =sinz + cosx
D=R=VxeD=—-xcD

2r\ _v3 1
j§322> T ()

3 5.

Vay f(z) khong chan khong 1é

d) f(z) = arcsin (tanx)
DKXD:—lgtan:cgl;»_TﬂJrkmga:g%Hm,kez
=>VereD=—-z€D

Xét f(—x) = arcsin(tan(—z)) = arcsin(— tan(z)) = — arcsin(tan z) = — f(x)
— f(x) Ia ham I&.

Bai 7: Chiing minh riing bt ki ham s6 f(z) nao xac dinh trong mot khoang déi xing (—a, a), (a > 0)

cung déu biéu dién dudc duy nhit dudi dang téng ctia mot ham sd chan véi mot ham sb 18.

Loi giAi

Gia st ta phan tich dugc ham s6 f(x) = g(z) + h(x), trong d6 g(z) 12 ham chin va h(x) 1a ham 18.

f(x) = g(x) + h(z) N f(x) = g(x) + h(z)
f(=2) = g(=x) + h(-=) f(=x) = g(x) — h(x)

Ta co:

. . 1 1
Day la hé phuong trinh tuyén tinh c6 2 an: D = L 1] =—-2#0
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= Heé ludn c6 nghiém va c6 nghiém duy nhit: Fl@) < f(=a)

Bai 8: Cho f(z) va g(z) 1a hai ham s xdc dinh trén khoang dbi xding (—a, a), (a > 0). Chiing minh:

a) Néu f(z) va g() 1a ham chan thi téng va tich ctia ching 1a ham chan
b) Néu f(z) va g(x) 1a ham 18 thi t6ng cla chiing 1a ham Ié, con tich cta chiing 1a ham chin
¢) Néu f(z)1a ham 18, g(z) 1a ham chn thi tich ctia chiing 12 ham 18

Lui gidi

Goi mién xac dinh cta hai ham sb trén 1a D
a) Néu f(z) va g(x) 1a ham chén thi t6ng va tich clia chiing 1a ham chin
X x)= f(—x),VreD
1) Do f(z) va g(x) la ham chan nén fle) = f(==)
g(l’) = g(—x),Vx eD

2) Goi h(z) = f(x) + g(z) 1a ham tong cla f(z) va g(x)
k(x) = f(z).g(x) laham tich cta f(x) va g(z).

hz) = f(z) +9(z) = f(=2) + g(=z) = h(—z),Vz € D
k(z) = f(z).9(x) = f(=2).9(=2) = k(-=),Vr € D
Vay ham t6ng va tich cta f(z) va g(z) la ham chan.

b) Néu f(z) va g(x) 1a ham 1€ thi téng ctia chiing 12 ham 18, con tich ctia chting 12 ham chin

1) Do f(x) va g(x) 1a ham 1é nén f(=z) = =f(z), Yo € D
g(—z) = —g(x),Yz €D

2) Goi h(z) = f(x) + g(z) 1a ham tong cla f(z) va g(x)

(x
k(x) = f(z).g(x) laham tich cta f(x) va g(z).
h(—z) = f(—z) + g(—z) = —f(2) — g(z) = —h(z),Vz €D

(=
k(=x) = f(=2).9(=2) = [(z).9(x) = k(z), Vo € D
Vay ham tong cla f(z) va g(x) 1a ham 1€, ham tich ctia f(z) va g(x) 1a ham chén.
¢) Néu f(x) la ham 18, g(z) 12 ham chin thi tich cdia ching 1a ham 18
e o f(=z) = —f(z),Vz €D
1) Do f(x)laham 1é, g(z) la ham chan nén
gla) = g(=x),Yr €D

2) Goi k(x) = f(z).g(x) la ham tich cta f(x) va g(z).
Taco: k(=) = f(—x).9(-2) = —f(x).g(x) = —k(z)
Véy ham tich f(x) va g(x) 1a ham 18.
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Bai 9: Xét tinh tuan hoan va tim chu ky ctia cac ham s6 sau (néu co):

1 1
a) f(x) = Acos Az + Bsin Az b) f(x) =sinz + 5 sin 2x + 3 sin 3z
¢) f(x)=sina? d) f(z) = cos®x
Loi gii

a) f(x) = Acos Az + Bsin Az

TH1: A=B=0
Lic nay f(x) = 0 tuan hoan nhung khdng c6 chu ky co s

TH2: A%+ B%#0
-V6i A = 0, f(r) = A tuan hoan nhung khong c6 chu ky co s&

- V6i A # 0 dé thay:
2T

2
Acos A\x + Bsin Az :Acos)\<x+|—)7\r|> +Bsin)\<x+'—>\|),‘v’x eR

2
T 1a chu ky co sé caa f(x)

Gia st ton tai gia tri T} |sz’o cho0 < T < T va:

Acos Az + Bsin \x = A cos ()\[x + Tl]) + Bsin ()\[x + T1]> VeeR (1)
Do (1) ding Vz € R nén ta co:

Taixz =0: Acos (A\T}) + Bsin (A\T}) = A

Tai x = % : —Asin(A\T}) + Bceos(\T1) = B

= A?cos (\T}) + B? cos(A\Ty) = A? + B2

=cos(\T})=1=T; = ]TQTT,(I@‘ € N¥)

Do 0 < T7 < T nén khong ton tai 7}

B i 2
Do d6 ham s6 f(x) tuan hoan khi A # 0 v6i chu ky co s6 7" = =i

Ta sé chung minh 7" =

Al
: I 1.

b) f(x) =sinz + 3 sin 2z + 3 sin 3z
Phan tich

1) y = sin tuan hoan véi chu ky 7} = 27

2) y = sin 2 tuan hoan véi chuky Ty = 7

R 2

3) y = sin 3z tudn hoan véi chu ky T} = ?”
Nén ta dé dang thiy f(z) tudn hoan vé6i chu ky 7' = 27
Giai:
Dé thiy:

1 1 1 1

sinx + 3 sin 2x + 3 sin 3x = sin (z + 27) + 5 sin2(x + 2m) + 3 sin 3(z + 2m)
Vr e R
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Ta s€ chiing minh 7" = 27 1a chu ky c6 sé cua f(x)
Gia st ton tai 77 sao cho 0 < T < T va:
1 1 1 1
sinz + ésian + gsin3x =sin(zr +11) + isin2(x + 1) + 3 sin3(z + 1T1)
VeeR (1)
1 1
Tai (1) cho x = 0 tacd: sinTy + 5 sin 277 + 3 sin37; =0 (2)
1 1
Tai (1) cho z = 7 tacd: —sin T} + 3 sin 277 — 3 sin37; =0 (3)
1
Tu(2)(3) = sinTy + 3 sin37; =0
1
= sin1] + §<3sinT1 — 4sin® T1> =0
4
= sinT1<2 . gsin2T1> —0=sni=0=T =7

01 e e N T
Thu lai v6i 17 = 7 thi tai g = — :

2
1 1 1 1
sin zg + 3 sin 2xy + 3 sin 3xy # sin (zg + 7) + 5 sin2(xg 4+ ) + 5 sin 3(xo + )
Vay khong ton tai T}

Do d6 ham sb f(z) tuan hoan véi chu ky co sé T' = 27

¢) f(z) = sinz?

Mot ham sb tuan hoan thi dao ham clia n6 ciing sé tuan hoan

Ta dé thiy f'(z) = 2 cos 2> khong tuan hoan nén ta sé ching minh ham s6 f(x) khong tuan hoan
Dé chitng minh ham s6 khong tuan hoan cach don gian nhét 12 dung phan chiing

Gidi: Gia st ham s6 f(x) tuan hoan véi chu ky T > 0:

= sinz? =sin(z+T)? VxeR (1)

1) Tai (1) chox = 0tadugc: sinT?>=0=T? =kn =T = Vkr (ke N¥)

2) Tai (1) choz = \/mtaduge: sin (/7 +T)’=0= (V7 +T)>=Ir (Il € N¥)
= (v/7 + Vkm)? = Ir = k12 s6 chinh phuong do [ € N*
bitk=h* (heN)=T=hy7w

3) Tai (1)

(@)
=
o
5
I
%‘
-t
o
o
5
Q
Q
&,

B
/N
e
_|_
~
N—

(3]
Il
—_

™

(
:>< g+T>2:2—|—2m7r (m € N¥)
(

2
= g+hﬁ> :g+2m7r
2hm
— T+ hr==42
2+\/§+ ™ 2—|— mm

= 2m = h*+v2h (volydom € N¥)
Vay ham s6 f(z) khong tuan hoan.
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d) f(z) =cos’x

2 1
1) Taco: f(x) =cos’z = cosery ]

2
< 1z 2 1 2 2 1 2 1
Déthﬁy:f(x)zcos 2$+ :cos( x +2m) + _ cos (x+m)+ — o+ )

X 2 2
Véy f(z) tuan hoan v6i chuky 7" = 7

Ta s€ ching minh 7" = 7 la chu ky cd sé cta f(x)

2) Gia st ton tai T} sao cho 0 < T} < T'va f(z) = f(z + T})
cos2z+1  cos2(z+Ty) +1

2 2
= cos2x =cos2(z+11) (1)

Tai (1) cho x = 0 ta dugc: cos (217) = 1 = 2T} = k27 = Ty = kr, (k € N¥)
Do 0 < T} < T nén khong ton tai T}
Vay T = 7 la chu ky cd sé cta f(x)

Cau 10: Tim gidi han ctia cac ddy sau (néu c6) v6i s6 hang tdng quat x,, nhu sau:

.9 3
R — ) g
n
1 1 1 Vncosn
.= — (R | (. d) x, = YOO
Dam=15 3 T mom ) E—
Lui gidi

1
a) z, =n—vn?2—n lim z, = lim (n—\/E) = lim - A lim ——
n—-+o0o n—+oo n—+oon ++/n2 —n n—-+oo ] ! 1
+ 4 [

n

1
2

sin®n — cos®n

Tathdy: Do 0 < sin’n <1,—-1<cos’n < 1= —1 <sin’n —cos®n < 2

<
-1
lim — =0
n—+oo n
Lai c6: = lim z, = 0 theo tiéu chuin kep.

2 n—-+4oo
lim — =0
n—+oo N
) SR T
C) Tp=—+—+.. aco
1.2 23 (n—1)n
1+ T 1 1 1+1 1+ 1 1 1 1
tn=—+—+.. . +——— == — =+ — — =+ .. ——=1--
1.2 23 (m=1m 1 2 2 3 n—1 n n
1
= lim z,= lim <1——>:1—0:
n—-+4o0o n—-+o0o n
d) xn:MTacé:—lgcosnglﬁ_\/ﬁgxng v
n—+1 n—+1 n-+1
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( 1
. =v/n . \n 0
lim 1= lim T =150
n—+o00 N + n—+00 14 +
n
Lai co:
\/T
n 0
lim —nlz lim n1:1 O:O
n—+oo N, + n——+00 1o +
\ R n
= lim x, = 0 theo tiéu chuan kep.
n—-+00

CLB H6 Tr¢ Hoc Tap

Cau 11: Xét sy hoi tu va tim gidi han (néu c6) clia cac ddy véi sd hang tdng quat nhu sau:

a) T, = vn?+2

1 1
b)xn:—<xn1+ ), zo > 0
2 Tn—1

Loi giAi

a) T, = vVn?+2

1
batL = lim z,= lim Vn2+2= lim (n2—|—2)"

n—+o00 n—-+00 n—+00
1
Xét Ly = lim (2° +2)=
T—r+00
1
1 lim —In (2% + 2)
Tacé: Ly = lim (2 +2)z = ez2+o0 T
T—+00
2 In (z2 + 2
Xét gii han ham s6: Tim & 2 6 dang 2
T—r+00 T oo
! 2z 2
(ln (22 + 2)) 7.9 —
Xét Ly = lim , = lim £E2 = fim L=
Tr—+00 €T Tr—+00 T—+00
1+ —
x
R . In (22 + 2
Do L, ton tai nén theo quy tac L'hospital 1151_1 M =L,=0
T——+00 i
1
1 lim —1In (2% +2)
= Ly = lim (2° +2)z = erotoo T =e=1
T—r+00
1
= L= lim Vn?+2= lim (n2—|—2)” =1
n—+o0o n—+oo

1 1
b) :Bn:—(xn_1+ ), xg >0
2 Tn—1

Ta sé chiing minh diy hoi tu bang tiéu chuin don diéu va bi chin trén hoic duéi.

X ea -2 1- xi_l
bau tién kiém tra: x,, — x,,_1 =
2]3”_1

Bay gio dé biét day ting hay gidm chi can kiém tra xem dau cta 1 — 22

< 2 1 1 1 1
Dethayxg >0 =21 ==-| 20+ — | > =.24/x9.— = 1 theo BDT Cauchy.
2 Zo 2 Zo

Tuong tu ta thiy x5, x3,... > 1. Dudodn 1 — 22 |, < 0,Vn > 2.
Vay ta sé chiing minh diy gidm, va dé€ ching minh z,,_; > 1 ta sé dung quy nap.
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Giai:
e Déthiy z, > 0,Vn € N

e Ching minh: z,, >1 Vn >0 (1)

Zo

, 1 1 1 1
— Tathay (1) ding véin = 1do x; = 5 <x0 + —) > 5.2, [2o.— = 1 theo BDT Cauchy
Zo
- Giast (1) ding véin =k =z, > 1

— Ta s€ chiing minh (1) ding véin = k + 1

1 1 1 1
That vay: 441 = = | 2x + — | > =.24/x.— = 1 theo BDT Cauchy.
2 T 2 T

Vay (1) diing theo gié thiét quy nap.

1— 2
°Tacé:xn—xn_1:%§0 Vn>0(doz,>1,Yn>0 )
Tp-1

Vay day x,, 1a day giam va bi chan duéi do z,, > 0,Vn € N

Do d6 xz,, hoi tu. Goi lim z, = a
n——+oo

1 1
Tacod: lm z,=-| lm =z, +—"—
n——+oc 2\ notoo lim =z, 3
n—-4o00
1 1
:>a:§ a+—-—|=>a=x1=a=1(dox,>1,Vn>0)
a
Vay nl_lgloo z, = 1.
Bai 12: Tim cac gidi han:
1 1 /1 1
) tim (VT +a - ) by lim VLT OT = VIH O N
z—0 \x €T z—0 x
¢) lim (\3/91;3—1—:1:2—1—:1:) d) lim x(\/x2+2x—2\/x2+x+x)
r——+00 r——+00
ooz 241 o1 +45 -1
e) lim ——— f) lim -
z—1 %0 — 2¢ 4+ 1 z—0 In (1 + 3sin x)
Loi giai

o liy (SVTF7- )

X xT
Ta c6: \/1+x—1~§khix—>0

1 1 1 -1 5 1
A e P S B B
T— x x

€T xX z—0 €T —0

Y1+ axr — /1+ Br

T
Vi+ar—1

T

b) lim

z—0

,(m,n € N)
Xét L; = lim
z—0

Do T+ az—1~ L khiz—s0
m

axr

. «
= [ =lim ™ = —
z—0 I m

10
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1—\"/1+ﬂx:—ﬁ

Tuong tu ta cod: Ly = lim ——M— = —

z—0 X n
V1 — 1
g VA OT =Y +B$:L1+L2:ﬁ_é
x—0 x m n
¢) lim (\3/x3+x2—1—x)
T—r+00

3 2 _ 1) — 43
lim (Va?+22—-1-2)= lim (= —|—2x )2
z—+o00 =00 (,3/x3 a2 — 1) a3 2 — 1 4 g2

I 22 —1

= 11m

aboo (Y a2 — 1) + aV/a® + 2% — 1 + 22
1

-5 -

4 1
lim 5 _ -
st [ 11 Jo 1 1 3
14-—=| +{/1F===+1
z a3 z x3

d) lim :13(\/:162 +2r — 2Vl +x +x)

T——+00
lirf a:(\/xZ—i—Qa:—Z\/xQ—i—a:—i—x): lilll z Vx2+2x—x—1+2x+1—2\/172+x)
T—~400 T—T00

i (22 + 2x) — (z + 1)? N (22 +1)? — 4(2* + x)
= lim =z
@400 vat+2r+az+1 20 +1+2Va?+x

—1 1
= lim =z +
zotoo \ a2 +2rx 4241 2x+1+2\/az2+x>

—T X
= lim +
T—o0 (\/az2—|—2x—|—x—|—1 2x+1+2\/:v2+x>

. -1 1
- 11111 2 1Jr 1 1
T—>+00
I+ 4+1+= 24— 424/1+=
8 x x x
i » YT
2 I !
) i 210 — 27 + 1 4 0
e) lim ———— co dang —
a—1 g9 — 21 4+ 1 ' g/O
. (@ —224+1) 1002% —2 49
XLy = T BT
(93 —2.:5—1—1) x
A oy | 49 ., )
= iﬂﬂl——%—;—l =1 = 21 theo quy tac L'hospital

V1+4z —1

1m
z—0 In (1 + BSinx)
V1i+4dr —1~2zxkhiz — 0
Tac6: 4 In (14 3sinz) ~ 3sinz khi 3sinz — 0(do z — 0)

sinz = xkhiz —0

11



HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

) Vi+4xr —1 . 2z . 237 2
= lim : = lim ——— = lim -
z—0 In (1 + 3sin :r) 2=03sinz  +-03x 3

Bai 13: Tim cac gidi han:

In (z + arccos®z) —Inx

a) lim 5 b) lim (sin vr+1—sin \/E)
z—0t T z—+00
¢) lim \/msx‘ —2 /cosx d) lim 1 — cos x cos 2x cos 3z
z—0 sm” x z—0 1 —coszx
Loi giai
arccos®
In (z + arccos® z) —Inx o In (1 + T)

a) lim = lim

=0+ x2 20+ 2

, 5 m\3 . arccos®x , arccos® x

Do lim arccos’x = (—) = lim —— = 4+o0o = lim In (1 B —> = 400

z—0+ 2 a0+ x z—0+ x

arccos® x
i (14 200)

= lim 5 L = 400

z—07+ T
b) lim (sin v+ 1-—sin \/E)

T—+00

V 1 V/ _
lim (sin\/x +1-— Sin\/E) = lim 2cos u sin u
T—r+00 T—+00 2 2
: Ve+14++z\ . 1
= lim 2cos sin
D 2 2(Vz + 1+ /1)

Do —1 < cos

<\/:1c+1+\/§> <1
s ] =

= |2cos rltye . 2 sin L
2 NVl va) | 2(Va + 1+ V)
Lai co: xErJrnoo 2sin (\/F—l—\/_) =2sin0=0

\/ 1
= lim 2cos il - \/—
T—>+00 2 ( /33' Iy \/—)
_ 3 _ 3
o) Timg YOOST ZVCOST g, VEOST _ VEOST o sin g ~ 1 khi 2 — 0)
x—0 sin“ x r—0 x

<\/cosx — J/cos m)l

/
(=)
—sinzx n sinx
~ lim 2 /cosx 3\3/005217
x—0 2I‘
-1 1

2«/COS T 3\/(;052 (

z—>0
-1
12

Xét L1 = lim
z—0

do sinx — z khi x — 0)

12



HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

-3 —1 .,

= lim VeosT - yeos = L; = — theo quy tac L’hospital

z—0 2 12
o lim \/cosx‘—2 Jcosx _ -1

z—0 sin“ 12
d) lim 1 — cosz cos2x cos 3z

z—0 1 —cosz
lim 1 — cosxz cos2x cos 3z T 1-— cosxcoZSQxcos?)x (o1 — cosz ~ x_2 khi z — 0)
20 1—cosz 2—0 x 2

2

, _ (1 — COS T COS 2 €Os 395)/
Xét L; = lim 5
z—0

(3)

SIn x cos 2z cos 3z + 2 cos x sin 2x cos 3x + 3 cos x cos 2x sin 3x

= lim
z—0 X

Lai co:
. sinx cos 2x cos 3z . . )
lim = lim cos 2z cos 3z = 1(dosin z — zkhiz — 0)
x—0 T x—0
2 in 2 3
lim Z 2T AT O8I _ i 4 cosx cos 3z = 4(dosin 2z — 2zkhiz — 0)
x—0 75 x—0
3 2xsin 3
lim 20T O TEOT i 9 cosa cos 22 = 9(do sin 3z — 3zkhiz — 0)
z—0 x z—0

=L =1+4+9=14
1— 2 3 .
= lim ORI L, = 14 theo quy tac L’hospital
2—0 1 —cosx

Bai 14: Tim cac gidi han:

. 22— 1\ 51 ) 1

0 Jim () D g, (cos va)*
1 1\

) lim n*(Yz — "),z >0 d) lim (sin——l—cos—)

n—00 T—00 x T

1

| . cot Tx A sinz

e) ;181_% (1 + sin7z) ) 91611}(1) [ln (e + 2:1:)}
Loi gii

2 +1
2_q 1—-—— 1 1—-—
lim - = lim — 1, lim - — %
14— 14—
Xz
2_127—1
:>lim(x )“”“:11:1
T—00 {172—|—1

1
b) mlir& (cosv/z):
bat L = lim (cos \/5)

z—0t

8=

13



HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

= InL = lim In [(COS \/E)ﬂ

z—0t
1
= lim —1
xi%l . n(cos\/f)
. In(1—(1—cosyx))
= lim
z—0+ xT
(1 —
= lim (1 = cos V) (do In (1 — (1 —cosy/x)) ~ —(1 — cos/x) khi z — 0%)
z—0 s
—
— 2
lim —= (do (1 — cos /) 5 5 iz —0%)
-1
2
= L—c7
¢) lim nQ({‘/E— ”*ﬁ),x >0
n—oo
lim nQ({VE — "*G/E)
n—oo
— hm n2(zw — gt
= (e — )
= lim nz.x%ﬂ.(x%_#l - 1)
n—oo
= lim n2.zw (mm — 1)
n—oo
. 9 1 1 — A A
= lim n .xn+1.—.lnx(do (x"<"+1> — 1) ~ ——-— Inzkhin — oo)
2
1
= lim xn%rl.n—.lnx: lim xn%l l.lnx:xo.l.lnlenx

n

T—00 X x

1 1\*
d) lim (sin — 4+ cos —
T—00 x x

1 1\"
bit L = lim (sin——i—cos—)

1 1\ 1 1
= InL = lim In [(sin——i—cos—) } = lim xln(sin—+cos—)

T—00 x €T T—+00 X T
> !
In (sm — + cos —)
= lim 1:1 L
T—00 -
. x
bitt=—- =1t — 0khiz - ©
x
In (sint + cost
Luc nay: In L = lim ( )
t—0 t )
(1 ( int 4 t))l cost —sint
n (sint + cos STTE— t—sint
Xét Ly = lim — Jim St tcost _ p, SOSPTRAE
t—0 t t—0 1 t—0 sint + cost
. ln(sint+cost) ¢ v .
=InlL = llr% = L; = 1 theo quy tac L’hospital
H

=L=c¢=c¢
. . cotmx
e) gchHi (1 + sin 7rx)

cotmx

bit L = lim (1 + sin 7r:1:)
r—1

14



HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

= InL = limIn | (1 + sinre)™ ™|
z—1

= lim cot (7z) In (1 + sin7z)
z—1

In (1 + si
= lim cos (7x) o . in )
21 sin (7z)

= 3161_% cos (mx)(do In (1 + sinmz) ~ sin 7z khi z — 1)

=1
= L=¢!

1

0 lim [m(wz:@]m

1
bat L = lim [ln (e + 2x)} o
z—0 ~

1

= InL = limIn [ln(e+2x)}m

z—0

= lim —
z—0 SIn T

In :ln (e + 2(6)}

In [ln (e + 295)]

= lim (do sina:rvxkhix—>0)
z—0 x 5
/ e+2x 2
(ln[ln(e—i—Zm)]) Tole L0 9
Xét Ly = lim i 2(e+22) et 2
z—0 x! z—0 1 z—0 In (e £ QZE) e
In [ln (e + Qx)} 9 ;
= InL = lim = [, = — theo quy tac L’hospital
z—0 75 €
= [ —e:

Bai 15: So sanh céc cdp VCB sau:

a) a(zr) = \/x ++/xvaB(z) =" —cosz, khix — 0F
b) a(x) = Vx — J/xvaf(x) =cosx —1,khiz — 0"
¢) a(z) = 2% + sin’ z va B(z) = In (1 + 2 arctan (2?)), khi z — 0

Li giai

a) a(r) =z ++/xvap(z) =% —cosz, khiz — 0F
a(x) VEAVE o VR VR (Ngit VCB bic cao )

Xét lim —= = lim — - -
=0t f(x) o0t €T —cosx  2—0t €T —cosT  a—0t eS0T — cosw
/
, _ (V) . 1
Xét L1 = lim . ; = lim — . : =400
=0+ (esmx — COS :r;) =0t 4/ 3 ( CoSs xeSnT 4 gin :L')

alw) s

e—0t B(x)  a—0t eST — cosx

= L, = +oo theo quy tac L hospital

Vay a(z) 1a VCB bac thip hon §(z) khi 2 — 0

b) a(z) = /x —/rvap(zr) =cosz — 1, khix — 0

15



H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

Xét limw \/__\/_— hmﬂ

a0t B(x) a0t COST — 1 om0t —a2

2
2
(do (Vz — \/x) ~ 3/5,1—cosx~%khix—>0+)
a(z)

. T . =2
= lim —=% = lim 5
z—0t (l’) z—0+t —T z—0t 3

2
Vay a(x) 1a VCB bac thip hon 8(z) khi z — 0

¢) a(z) =2 +sin*z va f(z) = In (1 + 2arctan (z%)), khiz — 0

a(z) . 23 +sin® x . 2?4 sinz . 2 +sin’a
Xét lim ——= = lim =lim ———— = lim ————
2=0 f(x)  2-01n (14 2arctan (22)) »—02arctan (z2) 2-0 222

(doIn (1 + 2arctan (z2)) ~ 2arctan (2?), arctan (2%) ~ 2% khi  — 0)
3
lim-— = lim = =0
Ta c6: w_’ogﬁlzxz 02 =
ilir(l) 5,2 = i1_>0 oy §(d0 sinx ~ zrkhiz — O)
a(z) z3 +sin® z iy, Y
xl—r>r(lJ 5(:13) x—>0 212 Al 2 W

Véy a(x) va f(z) 1a 2 VCB cung bac khi z — 0

1.7. Ham s6 lién tuc
Bai 16: Tim a d& ham s6 lién tuc tai z = 0

1—-cosx

, néuz #0 ax?® +bxr + 1, néuz >0
a) f(z) = ? ) b) g(z) = s
a, ncuz =0 acosx + bsinx, neux <0
Loi giai
T\ 2
Rl — 2. (—)
. COS & 9 . 2/ 1
a) Taco: lim e = iao o= ilg% —Q2 T3
. 1 —cosx
Ham s0 da cho lién tuc tai x = 0 khi va chi khi hn% 3 =a
r—r €T
R 1
Diéu nay tuong duong véi a = 5

1 R
Viy a = 3 la gid tri can tim.
b) Ham sd da cho lién tuc tai x = 0 khi va chi khi lim f(z) = lim f(z) = f(0)
z—0 z—0~
< a.0?+0.0+1=a.cos0+b.sin0 = a.cos0+ b.sin0
Sa=1

Viy a = 11 gid tri can tim.
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H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

Bai 17: Ham f(z) sau lién tuc tai nhiing gia tri x nao?
0, néuz hitu ti 0, néux hitu ti

a) f(r) = b) f(z) =

1, néuzx voti x, néux vo ti
Loi giai
a) Ta sé chiing minh ham s da cho khong lién tuc trén R.
That vay, gia sit ham s6 lién tuc tai diém x = z,. Khi d6 ton tai day s hitu ti z,, va diy sb vo ti y,, sao
cho hai day cuing c6 gidi han hitu han bang x.
Nhung diéu nay rd rang 1a vo ly béi lim f(z,,) = 0 valim f(y,) = 1.

Vay ham sb da cho khong lién tuc trén R.

b) Ham sb da cho khong lién tuc tai = a v6i a # 0 tuy ¥ (chiing minh tuong tu ciu a).
Tai di€ém 2 = 0, ta thiy hién nhién lim f(x)=0= f(0).
T—

Vay ham s6 da cho lién tuc tai diém x = 0.

Bai 18: Diém 2 = 0 1a diém gian doan loai gi ctia cidc ham s6

8
a) y:m b)yz;&rcsinx
o1
S — azr bx
e —e
) y=—-+= dy=——C(@#b)
Loi giai
a) Ham s6 da cho khong lién tuc tai = = 0.
Nhan xét:8 q
IIH&W :agrfool——% =0.(Pbita =cotx = a — +ookhiz — 0T)
lim ——— = i =8
20 1 — 2000 amoe 1 — 20 /
Do 0 # 8 nén x = 0 la diém gian doan loai 1 cia ham so.
b) Ham s6 da cho khong lién tuc tai z = 0.
Nhan xét:
lim —arcsinz = lim — = 1.
z—0t Zf z—0t T
lim —arcsinx = 1.
z—0— T ) ,
Do d6 x = 0 la diém gian doan loai 1 (bd dugc) cua ham so.
¢) Ham s6 da cho khong lién tuc tai = = 0.
. L s -1 -2
Xét hai day so x,, vay,, tien dén 0~ khin — +oo Vvl z, = — vay, = ———.
nw (4n + 1)m
1 .
sin — sin —
Suy ra lim —; In_ — 0 valim - In_— 1.
e + 1 ewm + 1
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H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

Do d6 0 # —1 nén ham sb da cho khong c6 gi6i han trai tai x = 0.

Vay 2 = 0 1a diém gian doan loai 2 ctia ham s0.

d) Ham sb da cho khong lién tuc tai z = 0.

axr axr
1 — . e —1
Xét lim = lim a. =a
x—0 x x—0 ax
bx bx
.. e — . e —1
Xét lim = lim b. =b
x—0 €T —0 ba?
o ar __ eb:r ) et _ 1 ) eb:r -1
Ta cod: im ——— = lim + lim =a—b.

z—0 T z—0 €T z—0 €T ,
Do d6 = = 0 1a diém gian doan loai 1 (bd dudc) cuia ham so.

Bai 19: C4c ham sb sau day c6 lién tuc déu trén mién da cho khong?

) y=— —1<z<1 b)y=Ina;0<az<1
4 — a2
Li gidi
a) Nhan xét: tap sb thuc D = [—1;1] la tdp compact va ham s6 y = A * > lién tuc trén tap D.
0
Do d6 ham sb da cho lién tuc déu trén [—1; 1].
2 1 1 "
b) Xét2daysdoz, = ——vay, = ——,déthay0 < x,,,y, <1 Vn € N*
) Xé ay sO x n+1vay T2 ¢ thay B U n
P | 1 1
Tacd lim |z, —y,| = lim - = (.
n—+00 n—+oo [N + 1 2n + 2
1 1
Khi d6 i n) — i 1 — =1n2 #0.
196 tim_ 7o) = )l = Jim_|in o ~ta ot —mo 2

Do d6 ham s da cho khong lién tuc déu trén (0; 1).
1.8. Pao ham va vi phan
Bai 20: Tim dao ham ctia ham s
11—z, néuzx <1
fla)=q 1 —-2)2—2), nful<z<2
x— 2, néu z > 2

Li giai

-1, néuz < 1
Déthiy f/(z) =4 20 —3, néul<ux<?2

1, néux > 2

+) Tai diém = = 1, ta c6:

fle) = fQ) o 1-a—0

lim =1 =1
z—1- r—1 a—1- x—1
lim M:li (1_x)(2_x)_0—11m(x—2):—1
z—1t rx—1 z—1t r—1 z—1t
z—1— r—1 z—1t r—1

+) Tai diém z = 2, ta c6:
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— (2 1— 2—1x)—
i A0 =S@) g B=0@=) =0 gy 2y
z—2— xr— 2 T—2— xr— 2 r—2—
o T8 @) =220y
z—2+ xr—2 z—2+ x— 2 z—2+
— f(2 — (2
T—2— xr—2 z—2+ xr— 2
-1, néuz <1
Doddtakétluan f'(z) = 22 —3, néul <z <2
1, néu z > 2
<. , 2 d 9
Bai 21: Tim f’(z) biet d—[f(2017x)] =z
€T
Loi giai

d

Theo bai ta co6: d—[f(2017a)] =a?
a

d(20174)

= Jerg L= = e
= ['(2017a).2017 = a?

= f'(2017a) = il

Véia = ﬁ thi fl(a) = 25173.

Vay f'(2) = 5o

Bai 22: Cho n € Z. Véi diéu kién nao thi ham sb

1 .
2"sin—, néux # 0
&

flz) = 4
0, néuzx =0
a) liéntuctai x =0 b) khavitai x =0
¢) c¢6 dao ham lién tuc tai z = 0
Loi giai
a)
Truong hop 1: n < 0
< 1 o .
2
2k + 1) " .
Khi do, vi lim f(z) = lim [u} = +00 nén ham so da cho khong lién tuc tai x = 0.
z—0t k—+o00 2

Truong hgp 2: n =0
1 1

Xét hai ddy sb xj, va y, tién dén 0 khi & — 400 véi z,, =

Suyra lim f(xg)=—1va lim f(yx) = 1.

k—+o0 . k——+o0
Do d6 1 # —1 nén ham so da cho khong lién tuc tai = = 0.
Truong hgp 3: n > 0

7 Véyn:—l.
<2k+1+§)7r (2k+§>7r
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Do 0 <
s

.1 < N .
™ sin —‘ < |2™| va lim |2"| = 0 nén lim 2" sin — = 0.
€T z—0 z—0
Vay véi n > 0 thi ham sb da cho lién tuc tai z = 0.

b)
Nhan xét: Ham sb da cho kha vi tai z = 0 khi va chi khi giéi han lir%
z—>

f(z) — f(0)
0

xr —

ton tai hitu han

. A
& lim 2"~ ! sin — tOn tai hitu han.
x—0 x

Chiing minh tuong ty cAu a ta cé n > 1. VAy n > 1 1a céc gid tri can tim.
9)
Gia st ham sb di cho kha vi tai z = 0.

1 1
Khi d6 f'(x) = n.z" ' sin — + "2, cos —.
T T

2 oA . ~ X PN X N > N , N A . 1 N 1 9. DN
DE f(z) lién tyc tai x = 0 thi di€u kién can va di 1a cac ham s6 z"~!. sin — va 2" 2. cos — phai lién tuc
x x
tai x = 0.
Chiing minh tuong tu cAu a ta c6 n > 1 van > 2. Diéu nay tuong duong véi n > 2.

Vay n > 2 1a cdc gid tri can tim.

Bai 23: Chiing minh ring ham s6 f(z) = |z —a|p(z), trong d6 ¢(z) 12 mot ham s6 lién tuc va p(a) # 0,

khong kha vi tai difm x = a

Loi giai
Nhan xét:
o e @) —a)e()
Fa = o=l . =%
f(a™) = lim (m) = lim w = —p(a)
Ta CL T—a~ -

Do p(a) # 0 nén p(a) £ —p(a).
Vay ham s6 da cho khong kha vi tai = = a.
Bai 24: Tim vi phan ctia ham s6:

1

a) y=— arctan — (a #0) b) y = arcsm —,(a #0)
a
1
¢)y=—1In ,(a#0) d)y:1n|$+\/:v2+a{
2a |r+a
Loi giai
1 x
a) y = —arctan —, (a # 0)
a a
1
1 a dz
dy = v/de = —— 0 —
y=yar a1+<§)2 a2+x2
a
b) y = arcsm —, (a #0)
1

dy:y’dx— —————dz, V|| < lal.

\/7 \/7
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1 r—a

=—1
©y=glnj——1 (a#0)
Tac():y:2—(1n|x—a|—ln|x—|—a|).

a
1 1 1 dx

dy = y'do = — . dr = - vz + +a.

W=y 2a<x—a x—l—a) Sk 7 a

d) y:1n|$+\/:172+a,|
x
14—
\/:c2+ad dx

dy = y'de = —V=——dr = ————,V2* > —a.
Y Vi ta | VaP+ta
Bai 25: Tim:
2) d (sinz b) d(sin x)
d(z?) \ =z d(cosx)
d
C) e (23 — 225 — 29)

Li giai

sin x
d sin x d sin x 1 d( T > 1 xcosx —sinz xcosx —sinz
4 (_) ( ) Vi £0.

d(z2) \ =z 2zdr \ =« 2 T 2% 452 2k5

d(sin x)

d(cos )

i —1 i —1
d(sin 2) = — e ) = ——.cosx = —cotx,Vx # kn(k € Z).
d(cosz) sinz dx sin

d
c) i (23 — 225 — 29)
d 1 d(z® —22°%—2%  32% —122° — 928
_26_9:_ = :1—43—36V 0.

d(x?’)(x =) 32 dx Bl = Ve #

Bai 26: Tinh gan ding gia tri ctia cac biéu thic:

2—0,02
3 b) /7 ?
&) VT, 97 )\ 250,02

) \/3e004 4 1,022

Li gidi
a) /7,97 .
Xétham sb f(z) = ¥z = f'(z) = —=,Vz # 0.

o3V X
Chon o = 8, Az = —0,03. Ap dung cong thic tinh gan ding:

YT = f(xo + D)~ flxo) + Daf'(ao) = V8 + (~0,03)

by o200
240,02

1
—— =1,9975.
3v/82
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2 2—zx —4 1
Xéthamso f(z) = ) —— = [f'(x) = Vo # £2.
10 = {3 2 10 = Y
7 7
' <2—|—:L')
Chon zy = 0, Az = 0,02. Ap dung cong thiic tinh gan diing:
2-0,02 2 —4 1 0,02
I = Ar) ~ Az f! 0,02.—. =1—-—~-——=0,99714.
240,02 f(xo + Ax) = f(xo) + Az f'(x0) = \/;"‘ 22 79/16 -
c) /3e%04 41,022
3e? + 1
Xét ham sb f(x \/36296 (1+2) :>f’ rote

\/36295 1—|—:z:

Chon 2y = 0, Az = 0,02. Ap dung cong thiic tinh gin diing:

4
V/3e004 +1,022 = f(zo + Az) & f(xo) + Az f'(z0) = VA +0, OQ'ﬁ =2,04.

Bai 27: Néu C'(x) la chi phi san xuét ctia x don vi mot mit hang nao d6. Khi d6 chi phi bién 1a C’(z)
cho biét chi phi phdi bo ra khi mudn ting san lugng thém mot don vi. Cho ham chi phi C'(z) = 2000 +
3z 40,0122+ 0,00022%. Tim ham chi phi bién, x4c dinh chi phi bién tai = = 100, gi4 tri d6 néi I1én diéu
gi?

Li giai

Ham chi phi bién: C’(z) = 3 + 0, 02z + 0,0006z* = C’(100) = 11.
Chi phi bién tai x = 100 1a 11, y nghia Ia kinh té cla gia tri ndy 12: Néu mudn ting mifc san lugng thém
1 don vi tu muc san lugng la 100 don vi thi phai tang chi phi 1én khoang 11 don vi.

Bai 28: Tim dao ham cap cao ctia cac ham so:

z? 1+z
a) y = , tinh y(® b) y = ——, tinh y19)
)y =1 tnhy )y T by
¢) y = In(2z — %), tinh y® d) y = 2?sin z, tinh y©%
e) y = e*, tinh y19(0) f) y = zIn(1 + 2x), tinh y(19(0)
Loi gidi
2
a) y = — tinh y®
1—2z
TXD: 7 £ 1
Ta co 2’ (x+1)+ 1
N fry = —(x -
A ) 1—
C1S(—1)%8 40320
= yO() = 0+ & = Vo #1
s R (s e
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b) y = , tinh 3109
TXD: z < 1
—1 1
) 1+ 2—(1—2) 2 ( )7 ( )5
Taco:y = = = —V1—x=2({1—-2z —|1—x
Y vV1i—x VA 1—x
—201 —199
-1 -3 —199 9 1 -1 —197 2
100)(z) = 2.(=1)10 — ——  —— (1- —(=D0 = — L —— (1=
= 00 =2 e T (1) 2 g S T (1
1 2.199! 197! 19711(399 —
= (100)(z) = + = ( ?) Ve <1
2100° \/(1_x)201 \/(1_@199 9100 (1_33)201

¢) y = In(2z — x?), tinh y©®
TXD:0<x <2 "
(5) 1 1 ] 4l —1)*.4!
Ta cé: y©®) = (1n(2x - x2)> - (— + ) = (=1) + (=1)

r x—2 G30 (x —2)°
41

41
Sy =4 T yocg<?
Y x5+(m—2)5’ ‘

d) y = 2% sin z, tinh y©®9)

Ap dung cong thiic Leibniz, ta c6
y©0) = Z CE (2B (sin z) =) = O .22 (sin )V +CL. (22 (sin 2) Y +CZ,. (22" . (sin ) )

50 497 48
469 — 42 sin <I + Tﬂ) + 50.22. sin <x + 7) +1225.25sin (x + 7”)

- y(50) (2450 — 2?) sinz + 100z cos z, Vxr € R
e) y = e, tinh y(19(0)

Su dung khai tri€én Maclaurin ta c6:

PRSP U . P o AP i o (2?))

1! 21 3! 51
T 4 g0
:>y:e 14—?4—5—'—54- +——|—O< )
109 (o 1 10!
0_Y 0) _ (10) () —
= hé s6 clia x e S (0) = = = 30240

f) y = xIn(1 + 2x), tinh y19(0)

St dung khai trién Maclaurin ta c6:

2x)? 2x)3 2z)°
y:xln(1+2x):x.[x—%+ ( ? — ...+ ( ? +0((2x)9)}
) 190y 29 29
He sbeia 0 = L _ 2" 000y = 2 101 — 206438400
10! 9 9
Bai 29: Tinh dao ham cip n ciia cic ham sd.
T
= b =
)Y 33251 )y 22 —3x+2
c) y= d) y = e sin(bx + ¢
)y Vi+x )y ( )
e) y = sinz + cos’z f) y=a" lel/”
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Lui giai

Ta o6 T 1 1 N 1 ) 1[ (=1)".n! N (—=1)".n!
aco:y = S _
T2 \art Ta—1) TV T2 e T mo )T

—1)".n! 1 1
= = + Vo #£1(neN
) 2 |:<£U+ 1)n+1 (.T— 1)n+1:| 7é ( )
by = 2?2 — 3z +2
Ta cd 1 1 1
acoh y = = —
Y .232—)3x+2 (3332 z—1
—1)".n! —1)".n!
=y = — ,Va 1,2}(n € N*
) (.T—Z)n+1 (x_ 1)n+1 ¢{ }( )
T
DY=7 1+
1 —1
Tacéiy = o = (1+2) = (14 2)?% — (1 +2)"'/3. Do dé

_ 2 gy . (3n — 5)! (—1)”(3n—2)!!!. 1
3" 3 (1+x)3n72 3" 3 (1+x)3n+1
_ 3.(_1>n_1'(3n—2)!!!. 1 _ (—1)"(371—2)!!!. 1
3" 3n—2 3 (1 +x)3n72 3n o/(1 +x)3n+1

_ (=1)" (3 —2) [ |

3In 3/<1 I $)3n+1 3n — 2

(=D @Ee -2
37(3n — 2) ¢/ (1 4+ 2)>"*!

(2 + 22) + 1]

(2x + 3n),Vz € R(n € N¥)

d) y = e*sin(bx + ¢)

Néua =b=0thiy=sinc= y™ =0,Vr € R(n € N*)
A 2 2 _ a : _ b

Neu a” + b° # 0. Chon 6 sao cho cos ) = W,sm@ = T

Ta st dung phép quy nap dé€ chiing minh ménh dé sau:

Y™ = (/a2 + b2)" sin(bx + ¢ + nbh), Vo € R(n € N*) (%)

That vay, ta c6:

y' = ae®.sin(bx + ¢) + e .bcos(bx + ¢) = e*[asin(bx + ¢) + beos(bx + ¢)]

a b
=e"" Va2 + b0 | ——=sin(bzr + ¢) + ——
va g It

= e .V a? + b%[cos O sin(bz + ¢) 4 sin 6 cos(bx + ¢)]
= e Va?+ b sin(br + ¢+ 0),Vx € R.

= Meénh dé (¥) ding véin = 1 (1)

Gia st (*) ding véin = k > 1, tdc la: y® = (\/ a? + b2)k sin(bz + ¢+ k0),Vx € R

cos(bx + ¢)

24



H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

k
YD) — < /a2 + b2> [ae®® sin(bx + ¢ + k) + e**.bcos(bx + ¢ + kb))
k
— o ( a? + b2) [asin(bz + ¢+ k) + bcos(bx + ¢ + k)]
k+1
= o (\/aQ + b2) [cos @ sin(bx + ¢ + kB) + sin 0 cos(bx + ¢ + kb)]

= e (\/m) o sin(br +c+ (k+1)0),Vz € R
= ménh dé (¥) ding véin = k + 1 (2).
Tt (1), (2) suy ra ménh dé (¥) ding véi moi n € N*,
Két hop hai trudng hop lai, ta c¢6 két qua tdng quat cho ca hai trudng hop 1a:

y™ = (/a2 + b2)" sin(bx + ¢ + nb), Yz € R(n € N¥)

e) y = sin*z + cos’z

1
Ta c6: y = (sin’z + cos?x)? — 2sin®zcos’zs = 1T cos(4x). Do do:

4
y" = 4"~ cos (43: + n77r> ,Vo € R(n € N*)

f) y = xn—lel/:c
~ P . Y (—1)n€%
Ta sé chitng minh bang quy nap: y™ = — g Vz #0(n eN") (%).
$n
That vay:
PN/ 75

= ménh dé (¥) ding v6in = 1 (1)

4 . 1 ’ 1 1 (2) el/z

+)V01n:2taco:y2:me/‘”:>y2: 1—-— e/’f:>y2 = —
77 i

2).

+) Gia stt dung v6i moin = 1,2, ..., k(k > 3), tic la: y

i —1)k 1/z
Cu thé, ta st dung: y,ik) = % va
x

+)Véin=1tacé:y, =e/* =y = =

= ménh dé (*) ding v6in = 2

(m) (_l)mel/z

= Ym = 1,k.
l»m

_1\k—-1_1/z
- G LY e (k) _ i 1l W9 £ 1
Yot =Tk = Yoo = (71)% R =" k2

Ta tiép tuc ¢6: Y1 = z"e! =y, = kab~lel/* — 2h=2el/* = Ly, — yj,_1. Suy ra:

(k1) _ g B () M _ (—1)’“61/”” k N 1 _ (_1>k+1€1/m
s Ik Uit C gkt okl pkt2 )

= ménh dé (¥) ding véin = k + 1 (3).
T (1), (2), (3) suy ra ménh dé (*) ding v6i moi n € N.

(=1)"e "
W,‘v’x # O(n eN )

Vay, y™ =
Bai 30: Tim vi phan cip cao clia ham sd.

a) y = (2z + 1) sinz. Tinh d"(0). b) y = 2% Inx. Tinh d"0y(1).
¢) y = € cos x. Tinh d*°y(0). d) y = 2%e**. Tinh d*y(0).
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Loi gidi
a) y= 2z + 1)sinx.
) ‘ B 5 T 0
Khai trién Maclaurin cliay 1a: y = (22 + 1) (x — =+ -+ = +oa ))

3t 50 79!
= hé s6 ctia 7' trong khai trién trén Ia:

(10)
arp = 2_y 0 y19(0) = 20 = d19y(0) = y19(0)dz'® = 20dz°.
9! 10!
b) y =2%Inz.
Ap dung cong thuc Leibnitz, ta co:
11—k 9 1-k ~k
_ ‘ J(10-b N G Gt L (=D "Ci
o Z Cho(e Z C : 10—k = 9! Z T
k=0 k=0
9
= y19(1) = 9! Z —1)'FOk = 9! = 362880

= d(1) = 1 (1)d:c10 = 362880dz"”

c) y=e*cosx.

20 l‘k 10 (—]_)hZEQh
Khai trién Maclaurin ctia y 1a: y = Z = o(z*) | | . Z ol + o(z*)
k=0 h=0

) { 1 —1)*
= hé s0 cta 2 trong khai trién trén 1a: ayy = Z [(20 —on) ((thl
10 -
y29(0) = 20lagy = Z [(_1)h 30 2h } 0226‘} = —1024.
h=0
= d?y(0) = y?9(0)dz* = —1024dz*
d) Yy = x2€am
18 (a:p)k 18 gk
Khai trién Maclaurin: y = z? Z Tl o(z'®)| = (Z Em"””) + o(x*°)
k=1 k=17
) . 400 20!
= hé s0 ctia ?° trong khai trién cta y 1a: byy = (11_8' < 20$ ) = ¢(20(0) = 1—8lals = 380a'®

= d?%(1) = y®9(1)dz® = 380a'8dz?°.

Bai 31: Trong mot ho nudi c4, cé trong hd lién tuc dugc sinh ra va khai thac. S6 lugng cé trong hd P

P(t 4

dugc md ta bsi phuong trinh: P'(t) = g ( - #) P(t) — BP(t), v6i 1o 1a ty 1€ sinh san, P 1a so
c

lugng c4 16n nhit ho c6 thé duy tri, 4 1a ty 1é khai thac. Cho P = 10000, ty 1é sinh san va ty 1& khai thac

tuong dng 1a 5% va 4%. Tim sb lugng cé 6n dinh.

Loi giai
Véirg, = > b= 4 P~ = 10000. ta co:
P'(t) = — 1_L P(t)——P(t):[ — P(t)] ()
100 10000 100 200000

Lugng cd 6n dinh < P'(t) = 0,Vt > 0
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[2000 — P()]P(H) _ P(t) = 0,Vt >0

=
200000 P(t) =2000,Vt >0
Vay sb lugng cd 6n dinh 12 0 hoidc 2000

1.9 Cac dinh Iy vé ham kha vi va ing dung
Bai 32: Chiing minh ring Va, b, ¢ € R, phuong trinh

acosx + bcos2x 4+ ccos3xr =0
¢6 nghiém trong khoang (0, 7).

Loi giai

bsin 2z n csin 3x
2 3

Xétham F(z) = asinz +
F(x) kha vi trén (0, )

Ta thdy: ¢ F(x) lién tuc trén [0, 7]
F(0) = F(r) = 0

Ap dung dinh 1y Rolle: 3z € (0, 7) sao cho F'(zy) = 0
& g € (0,7) sao cho a cos x + bcos 2z + ccos 3z = 0 (DPCM)

Bai 33: Chiing minh ring phuong trinh 2 + px 4+ ¢ = 0 v6i n nguyén duong, n > 2, khong thé c6 qua

2 nghiém thuc néu n chin, khong thé c6 qua 3 nghiém thuc néu n 18.
Loi gidi

bat F(z) =a"+pr+q=0

= Fl(z)=nz"t+p=0

gt =P

z ~ n 7z

Néu n chan thi F'(z) = 0 c6 duy nhat 1 nghiém

= F(x) c6 khong qua 2 nghiém (1)

Néu n 18 thi F'(x) = 0 c6 tbi da 2 nghiém

= F(z) c6 khdong qua 3 nghiém (2)

Tit (1) va (2) = PPCM

Bai 34: Cho ba s thuc a, b, ¢ thoa man a+b+c¢ = 0. Chiing minh rang phuong trinh 8ax” +3bz%4-¢ = 0

¢6 it nhat mot nghiém trong khoang (0, 1).

Li giai

Xét F(x) = az® + bx® + cx =0
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F(x) lién tuc trén [0, 1]
Ta thdy { F(x) kha vi trén (0, 1)
FO)=F(1)=0
Ap dung dinh Iy Rolle: 3z € (0, 1) sao cho F’(x() = 0

& Jxg € (0,1) thod méan 8az] + 3bz2 +¢c =0
b fa)  Fle

CLB H6 Tr¢ Hoc Tap

Bai 35: Giai thich tai sao cong thiic Cauchy dang f(0) = ) khong 4p dung dudc dbi v6i cac

g(b) —gla)  g'(c)

ham f(z) = 22, g(z) =23, -1 <z < 1.

Lui giai

Do ¢'(x) = 32? vadzg = 0 € (—1,1),¢'(0) = 0 nén khong dp dung dudc cong thic Cauchy trong

truong hdp nay.
Bai 36: Chiing minh cac bat dang thiic

a) |sinz —siny| < |z — y|

—b —b
b)a <1n9<a—,0<b<a
ba b b ;
c) 1;52 < arctan b — arctana < v _:;2,0<a<b

Lui giai
a) TH1: 2 = y = bt dang thic hién nhién diing
TH2: = # vy
Khong mét tinh téng quat, gid st x < y
Xét f(t) =sint, t € [z, y]

B f(t) lién tyc trén [Xx, y]
Ta thay
f(t) kha vi trén (x, y)

Ap dung dinh Iy Lagrange: 3¢ € (x, y) sao cho f'(c) = ST =Sy

r—y
Bén canh do, f'(c) = cosc = |f'(¢)| <1 & et <1
r—y
& |sinx —siny| < |z — y| (PPCM)
b) Xét f(x) =Inz,z € [b,d]
B} f(x) lién tuc trén [b, a]
Ta thay
f(x) kha vi trén (b, a)
I &
. Ina —Inb ns
Ap dung dinh ly Lagrange: 3¢ € (b, a) sao cho f'(c) = nd bn = bb
a— a—
1 1 1 1
Béncanh do: f'(c) = ;0 <b<c<a=-<-<—
c a ¢ b

a
ln<—>
1 _ _
—b<—<:>a—b<1n3<aTb(DPCM)

1
2 a-b b a b

28



HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

c) Xét f(x) = arctanx,x € [a, D]
f(x) lién tuc trén [a, b]

Ta thiy
f(x) kha vi trén (a, b)

arctan b — arctan a

Ap dung dinh 1y Lagrange: 3¢ € (a, b) sao cho f'(c) =

b—a
R [ 1
Bencanhdo.f’(c):m;0<a<c<b
N 1 - 1 - 1 N 1 <arctanb—arctana< 1
1+02 1+  1+a? 1+ b2 b—a 1+ a?
b— b—
@1+; <arctanb—arctana<a+§2 (bPCM)

Bai 37: Ton tai hay khong ham s f(x) sao cho f(0) = —1, f(2) = 4 va f'(x) < 2 v6i moi x?
Loi giAi

[0 -1 5 _,

Ap dung dinh 1y Lagrange: 3z, € (0,2) sao cho f'(zo) = =9 5

= }f(z) thod min dé bai.
Bai 38: Tim cac gidi han

T 1

0l (fr e vE Ve o Iy (- )

. ev —cost . tan(%F)
¢) lim £ d) lim —=~—
T—00 1— 1— 1 rz—1— ln(l — CU)

e*sinz — x(1 + x)

e) lim lim (1 — cos x)¥®
) x—0 J,‘?’ f) x%0< )

) T . y
g) lim tan( 5 )In(2 — z) h) mggloo@ + 2%)
i) lim(1 — atan? :p)ﬁlnx P lim (2 + 3J3)tan%
z—0 T—+00
Loi giai

a) L:xgrlloo(\/x—i-\/x—l—\/g—\/f)

_ e Wt Ver Ve Vet Vot Vet V)

~ him T+yr+yr—x lim —\/x—i—\/i
o T—+00 \/E —+ \/E o T—+00 2\/5

DO | —
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b) L = lim (— ! >:hmw

i»1'z —1 Inz’ a1 (z—1)lnz

Ap dung quy tic L’Hospital:

| = 1
LY i Dy 2
z—>11’—1 z—>1]. 1 2
+Inzx -+
) T A
c) batt = —;khixz — ocothit — 0
x

1 1 t
er — CoS — e’ —cost (L)

L= lim ———% =lim ———— = lim

@00 1 _ 1_%_ta01_w/1_t2 t—0

x

tan (™
O L= lim )
e—1- In(1 — )

Ap dung quy tic L’Hospital:

HG trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

—1 —1
LD i T o @b @, L
o1 2COS2(7) e=1- cos(mx) +1  am1- —sin(mz)
o) L= lim e’ sinx —3:5(1 + )
z—0 x
Ap dung quy tic L’Hospital:
(L), e'sinzx+e‘cosx—2x—1 (@), e*sinx+e’cosx+e’cosr—elsiny —2
L = lim = 1l
z—0 322 z—0 6x
. eYcosx—1 (), e“cosx—e’sinx
= lim ——— = lim =
z—0 3z z—0 3

lim In(1—cosx).tanx
z—0

f) L=1lim (1 —cosz)™" =¢

x—0

XétM = lir% In(1 — cosx).tanz = lim
T—

tanx

x—0 1
sin x
o 3
) li 1 —cosx . TSI T . T
= lim ————%— = lim —— = lim
z—0 -1 =01 — coszx z—0 —
tan? x cos? & 921

=L=1

In(1 — cosx)
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(E

) L:glcl_rﬂtan 5 )In(2 — x)

batt=x — 1;khixz — 1thit — 0
t+1
L =limtan (?) In(1—1¢)

t—0

i (T gy ("57)

t—0 t—0 L
—t
T
, T(t+1)
@ .. 2 cos 5 ' 2
= lim = lim
0 1 -0 w(t+1)
= 2 cos2 ———=
t 2
. t? . t?
= lim =lum_——
t=0 1 4+ cos (mt +m)  t=>0 1 — cos (nt)
_ mt? 2
N tl—% 2
2
iy limg—s 400 — In (22 42%)
L= lim (2>+2°)" =¢ @
T—+00
1
Xét Ly = lim —In (2% + 2%)
x—+oco I
| 2
— lim In (2° +2%)
T—+00 €T
2+ 2%1n2
v- T
D ym T E2® 9
Tr——+00 1
=L=ch=2
) ] 1 lim ln(lfavtan2 x) lim —atan?x
i) L= 111% (1 —atan®z)esmz = eamo =507 — gam0 @7 =@
—

. | 1 lim tan — In (23+3%)
) L= lim (2% 4 3%)ns = g=be .

T—+00

1
Xét Ly = lim tan — In(z® 4 37)

T——+00 €T

1 1 1
= lim —In(2® +3%) (do tan — ~ — khi z — +00)

r—+o00 I xr x

In (23 + 3

— lim M

T——+00 €T

324+ 3%In3

) lim 3 4 37

r——+00 1

=1In3
=L=e=3

CLB H6 Tr¢ Hoc Tap
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Bai 39: Xéc dinh a, b sao cho biéu thiic sau c6 gi6i han hitu han khi z — 0

Loi giai

. 1 1 a b . 23 —sin®x — azsin® x — bz sin® x
I=lim|({—————— —— = lim

a—0 \sin®zr 3 = 23 sin®

Ap dung khai trién Maclaurin ta c6, sinxz = z — % +o(x®) khixz — 0

3\ 3 3\ 3 3\ 3
B (r-2) —ar(z-Z) w2 (2T
6 6 6

= [ = lim
z—0 :L'G
1 6
x° <§—b) —ax‘*—%—!—o(wﬁ')
= [ = lim
z—0 1‘6
x5 <1—b) —ax4—a—xﬁ
= [ = lim 4
x—0 336
., a=0 a=0
bé I ¢6 gidi han hitu han & 1 & 1

Bai 40. Cho f 12 mdt ham s thuc kha vi trén [a, b] va ¢6 dao ham f”(z) trén (a, b). Ching minh ring véi

moi = € (a, b) c6 thé tim dudc it nhit 1 diém ¢ € (a, b) sao cho:

@)= 0~ TGO ) = E=E B
bit ) = f(z) = f(o) - LG o~ - L2 T,
= () =f’(x)—W—A < 3 a;b

(@ —a)(zo—b)

Vé6i xy € (a,b) = h(zo) = f(zo)f(a) — 9

(o)~ fa) - LU O g )

(2o — a)(zo — b)
Khi d6: h(zg) = h(a) = h(b)2

h(z) lién tuc trén [a, xo]

A

f(b) = f(a)
b—a

Chon \ =

Ta co:
h(z) kha vi trén (a, z¢)

Ap dung dinh 1y Rolle: 3n € (a, 2¢) sao cho 2/(n) = 0

| h(z) lién tuc trén [z, b]
Ta co:
h(z) kha vi trén (xg, b)

Ap dung dinh 1y Rolle: 3m € (x4, b) sao cho h'(m) = 0
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R (x) lién tuc trén [n, m]
Lai co:
h'(x) kha vi trén (n, m)

= dc € (n,m) sao cho h”(c) =0
Suyra: h’(c) = f"(c) = A =0

= VG20 € (a0) s f(ro) — fla) ~ LI =T gy g = =Wt =0 o
= Véimoiz € (a,b),ton taic € (a,b) sao cho f(x)—f(a)—w&—a) = (z - a)2(x —b f"(c)

Bai 41.Dung phuong phap Newton tinh /2 diing dén 8 chit s6 thap phan sau diu phéy.

Loi gidi
Ta dit f(x) = 2% — 2
Ta c6 : v/2 1a nghiém ctia f(z) = 0,z € [1, 2]
Mit khac f'(x) = 6x°
Xo =2
Theo Newton ta c6 Flzn) 26 — 2
e = =

=Xx; = 1,677083333...
=Xy = 1,422694413...

=x7; = 1,122462048...

= xg = 1,122462048...

Ta c6: |x7 — 5] < 1078

Viy theo yéu cau bai todn thi v/2 = 1, 122462048

Bai 42. Giai thich tai sao phuong phap Newton khong 4p dung truc tiép d€ giai phuong trinh 23 —22+2 =

0 v6i xap xi dau zp = 1
Xét f(r) =23 — 20 + 2 =1 (x) =3x% — 2
Tacd f'(z) =0<x==+

3
Lai c6: f <_\/§) f <\/§) > 0 va xginoof(x) = +OO’xErPoof(x) = —00

. 2
= f(x) = 0 c¢6 nghiém duy nhat xy, zo < — 3
Nén v6i z = 1, f'(x) d6i ddu = Khong ap dung truc tiép dugc dé giai phuong trinh f(z) = 0.

Bai 43. Khdo sét tinh don diéu ctia cdc ham s6

a) y=a*—223+22—1
b) y = arctanz — In(1 + 2?)
¢) y=ux+|sin2z|,z € [0, 7]
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Loi gii
a)y =a — 223+ 22— 1
Tap xac dinh D =R
y =42 — 622 +2=0=9/(-1).y/(0) <0
= Ham s6 khong don diéu do ddi ddu trén R
b) y = arctan z — In(1 + 2?)
Tap xac dinh D =R
Y = - S y(0)y(1) <0
21 ire VY
=y’ doi dau trén R = Ham so khong don diéu

)y =z +|sin2z|,z € [0, 7]
Tap xdc dinh D =R

Tac()OSESg
7T+\/§ <7r)_7r
3T Y%7

= Ham s6 khong don diéu trén [0, g]
Bai 44.Chiing minh c4c bit dang thiic

a) 2zarctanz > In(1 + 2?) véimoi x € R
2
b) x—% <In(l+2) <z véimoiz >0
2 4

T x 0
<1l—-— - —
¢) cosx < 5 +24,V93€[0,2)

Loi gii
a) Xétham sd f(x) =2z — In(1 +2%) = f'(z) =2
f(z)=0<2=0

Dé thiy ham s lién tuc va c6 1 cuc tiéu duy nhét tai x = 0

Laicé: f(0) =0= f(z) > 0= Dpcm
b) Xét f(x) =z —In(l+2)= fl(z)=1— H—L:B
fllx)=0=2=0= f'() >0,V >0
= Ham s6 dong bién trén (0, +00)
= f(x) Zf(O):0:>x21n(l+x)2

£ 1
Xéthémség(x):ln(1+x)—a:+m—:>g’(x):__1+x
x

2
=¢'(z) >0,V >0

= Ham s6 dong bién trén (0, +00)

éf(x)Zf(O)zOVmZO:Hn(l%—x)Zx—%z

H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap
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¢) Tacé cos(z) < 1= sinx = / costdt < / dt =z
0 0

x T l'2
1—cosa::/ sintdtﬁ/ tdt = —
0 0 22

, ’ Tt z3
x—sinx = [ (1—cost)dt < dt = —
0 0 2 6

t3

6

2 T T
:>x——1—|—cosx:/ (t—sint)dtﬁ/
2 0 0
2 4
= <l—-—+—=b
cost < 5 +24 pcm

Bai 45.Tim cuc tri hAm sb

a) y=

R
2?2 +x+1

b) y=2—In(l+x)

©) /(1 —x)(x—2)2

d) y=a3+ (z—2)3

Lui giai

a) Tapxacdinh D =R

y 6z +4) (22 +z+1)— (2x+1)(32? + 4z + 4)

B (22 +x +1)2
Y =0=x=—-2hoacx =0

Ham sb dat cuc dai tai x = 0 véi y(0) = 4

Ham sb dat cuc tiéu tai x = -2 véi y(-2) = =

b) y=x—In(z+1)

Tap xac dinh D = (—1, 00)
1

—1—
4 r+1
A =]

Tacé:y <0, Vre (—1,0),y >0 Vze (0;+00)
=Ham s dat cuc tiéu tai x = 0 v6i y(0) = 0

= A=) =27
v = 5l1- )@= 22 F (2 — 22 + 20 - 2)(1 - )
1 1

(—32% + 10x — 8)

3V —oe 2P

4 0 .
y=0=zx= 3 cac diém y’ khong xac dinh: x = 1,2 = 2

y'(x) dSi ddukhidiquazr = —, 2 = 2

wi %OOI o

Ham s6 dat cuc tiéu tai =

Ham s6 dat cuc dai tai z = 2

H6 trg sinh vién Bach Khoa
CLB Ho Trg Hoc Tap

35
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wln

d) y=a3 + (v —2)
Tap xac dinh D = R

_2 1 2 1
v 3\/_ 3z —2
y=0=zx=1

y’ khong xdc dinh taix = 0,2 = 2
y dGiddukhidiquaz = 0,2 = 1,2 = 2
Ham s6 dat cuc tiutaiz = 0 vaz = 2
Ham s6 dat cuc dai tai « = 1
Bai 46.Cho f(x) 1a ham 16i trén doan [ , b], chiing minh ring Ve € (a, b) ta c6:

fle) = () fb) = fla) _ f(b) = f(c)

c—a - b—a - b—c

Loi giai
Ta c6 Ve € (a, b) tOn tai duy nhéat ¢ € (0, 1) sao cho ¢ = ta + (1 —t)b

Do f(z)1aham 16i nén f(c) = f(ta+ (1 —t)b) < tf(a) + (1 — t)f( )
_ S = fla) tfl@)+ A =-)f(b) = fla) _ (1 =)(f(b) = f(a) _ f(b) — f(a)
c—a ta+ (1—t)b—a (1—=t)(b—a) b—a
fb) = fla) _ f(b) = f(c)
b—a - b—c
Bai 47: Ching minh cdc bat dang thifc sau

Tuong ty

= Ppcm

r+y g tanx + tany
2 2 +
x
b) zlnz+ylny > (x +y)In

5

ny,y>0

a) tan v,y € (0,

Loi giai
a) Xétham sb f(t) = tan(t) véi t € (0 g)

, 1 yepy _ Sin(2t) T
= ft)= cos?(t) = f1t) = cos*(t) O’WE<O’§>
= f(t) 1a ham 16i trén ( , =
= f(Me+ (1= Ny) M@+ 1=V Voye(0.5)

L. 1 T+y Tty tanz + tany m
Gl: A== =t < ——= Vr, <,—>
véi 2:>f(2> an(2>_ 5 Va,y € 02

b) Taco f(t) =tIn(t), TXD: ¢t >0
= f'(t) =1 ()+1:>f”()—1>0teTXD
= f(t) 1a ham 13i trén (0, +00)
= (e + (1= ) <A@+ (1= N]) 2y>0
($+y> (+y) ($+y)Sf($)+f(y)_x1n(w)+yln(y)

[N}
v

1
VOl )\ = —

2 2 N 2

2
+y
:>(:L'—|—y)ln( ) <zln(z)+yln(y) = zlnr+ylny > (x—l—y)ln Ve, y >0
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1.10 Khao sat ham sb, duong cong
Bai 48: Tim tién can cua cac duong cong sau

a) y=+v1+a? x =2t —t?

d) 2016t2
b) y =In(1 +e®) Yy =98
o) y— x3 arccot x .y
YT e e) B

y =1+ 2arctant
Loi giai

a) y=+v1+a3

TXD = R = Ham s6 da cho khong c6 tiém can diing.

Ta co:
4 lim Y= gim T i T
T—00 I T—00 xT T—00 T 1
= Xét: lim (y — x) = lim V1 + 23 — 2z = lim =0
T—>r00 Tr—00

IS (\3/ 1+ ac3)2 + v+ a3 + 22

= Ham s0 da cho c6 mot ti€ém can xién la: y = x

V1 + a3 x

P lim L= gim T~ gim Do
T——00 I T—r—00 T T——00 I
1
= Xét: lim (y—z)= lim v1+z®—z= lim =0

T——00 T——00 T——00 (m)2 +x 3/1 R 3 + 72

= Ham s0 da cho c6 mot ti€ém can xién la: y = x (da co)
Vay ham s6 da cho ¢6 1 ti€ém can xién la y = .

b) y=In(1+e ")
TXD = R = Ham s6 da cho khong c6 tiém cén diing.

Ta co:
1 1 - =
o tim L= g BEEED)
T—00 U T—00 €T r—o0 U
= Xét: lim y = lim In (1 + e_‘”) =lme ™ =0
Tr—r0oQ0 Tr—r0o0 r—r00

= Ham s da cho c6 mot tiém cin ngang la: y = 0

In(l+e*
o tm Y= g 2O
r——00 I r——00 x
In(l+e* e ® 1
Xét L = fim O o T — 1
T——00 (;E) z——0c0 | + 7% z——o00 €% + 1

= Theo quy tac L'Hospital, L = L; = —1
= Xét: lim (y+2)= lim In(1+e %) +2= lim In(e"+1)=0
T—+—00 T—+—00

Tr—r—00
= Ham s0 da cho c6 mot ti€ém can xién la: y = —x

Véy ham so0 da cho c6 1 ti€ém can ngang y = 0 va mot ti€ém can xién y = —x
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3

) x° arccot x
c =
y 1422
TXD = R = Ham s0 da cho khong c6 tiém céan dung.
Ta co:
2 2
x“ arccot x x
+) limyzlim—: im arccotr =1-0=0
T—00 I T—00 1+ T2 z—o0 1 + T2
3
3 x® arctan — 2
x° arccot x X
:>Xétzlimy:lim—:hm—x:hm =1
T—00 zoo0 1+ 12 T—00 1+ 22 z—oo 1 + 12

= Ham s6 da cho c6 mot tiém can ngang 1a: y = 1

.y . z?arccot 22
+) lim == lim ——— = lim arccotx =1-m=m
T——00 I T——00 1+ 72 z——o00 | + 72 )
23 arccot z x3(m + arctan o ) — 7T
> Xet Im (y—mo)= lm o —me = lm e
Y
= lim ——— =
T——00 /1 + 22
= Ham s0 da cho c6 mot ti€ém can xién la: y = wx + 1
Vay ham s6 da cho ¢6 1 tiém cin ngang y = 1 v mot tiém can xién y = 7z + 1
r =2t — ¢
d) 2016t
1
DKXD:1 -3 #40=1t#1
Ta co:
2016t2
+) limz = lim (2t —#*) =1, limy = lim =00
t—1 t—1 t—1 t—1 1 — 13
= Ham s0 ¢6 1 tiém can ding: z = 1
2016t2 2016
+) lim x = lim (2t —#*) = —oc0, lim y = lim = lim —— =0
t—o00 t—00 t—o00 t—oo 1 — 3 t—o0 1 y
, &
= Ham s0 ¢4 1 tiém cén ngang: y = 0
2016t2 2016
+) lim z = lim (2t —t*) = —oc0, lim y = lim = lim —— =0
t——00 t—00 t——o00 tw—o00 1 — 13 t——o00 1 ¢
t

= Ham s6 c6 1 tiém can ngang: y = 0 (dd c6)

Vay ham s6 da cho ¢6 1 tiém can diing 2 = 1 va mdt tiém cin ngang y = 0

r =1t
e)

y =t+ 2arctant
bKXb:t € R
Ta cé:

+) limx = limt =00, limy= lim (¢4 2arctant) = co
t—o0 t—o0 t—00 t—o0
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t 4+ 2arctant
= Xét lim & = Jim L2y
t—oo I t—o00 t
= Xét tlirn (y—z) = hm (t +2arctant — t) = thm 2arctant =
—00 —00
= Ham s6 ¢6 1 tiém can Xién:y =x + 7w
+) lim = lim t=—-00, lim y= hrn (t 4+ 2arctant) = —o0
t——o0 t——o00 t——00

t+2 arctant

= Xét lim 2 = lim
t——oo t——o0

= Xét lim (y —x)= lim (t+2arctant —¢) = lim 2arctant = —7
t——o0 t——o00 t—o00

= Hamsocod 1 ti€fmcanxién: y = x — 7

Viay hamso dachoco2tiémcanxiénlay =x+nwvay=o —m

Bai 49: Khio sat cac ham sb, dudng cong sau

a)y:e%_’” b)y=vad—a22—x+1
23 T = 2
= d = —
Y= 5 )Y poa
2t
TET e r =2t—¢
y = y =3t —t
1+1¢
g)r=a+bcosp, (0 <a<b) h) r = asin 3y, (a > 0)
Loi giai

a) y=e:*
1) TXb=R\ {0}
Ham s6 khong chén, khong 18, khong tuan hoan.

1 1l
2) Xéty = (———1) TP = ( +1> » % < OV € TXD.
x?
= Bang bién thién:

x —00 0 +00
y/ — —
+00 400
Yy
0 0

Ham s6 khdng c6 cuc tri va nghich bién trén (—oo; 0) va (0; c0).

3) Ham s6 c6 1 tiém can diing = = 0 va 1 tiém cn ngang y = 0, khdng c6 tiém cin xién.
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4) Bang gia tri:
z -2 -1 1

N

Yyl e 1 1

5) 6 thi ham sb:

HG trg sinh vién Bach Khoa

CLB H6 Tr¢ Hoc Tap

b) y=va? —a22—x+1
1) TXD = R

Ham s6 khong chén, khong 1é, khong tuan hoan.

322 — 2z —1
2) Xéty' = el -
3(Vad —a? —z +1)
1
=y khong xacdinh < r =1V = —1. y’:0<:>x:—§.
= Bang bién thién:
i —00 = : +00
3
Y - + 0 - +
Y / V \ /
—00
Ham s6 ¢6 3 diém cuc tri gdm 2 cuc tifulaz = —1vax =1valcucdailaz = —=

Ham s6 nghich bién trén (—

3) Ham so khong c¢6 ti€ém can ngang va ti€ém cén ding.

Xét: lim 2 = lim

Va

—z2—x+1

=1

r—00 I T—00

x
Xét: lim (y —x) = lim (\3/:103—x2—x—|—1—a:>
T—00 Tr—00

1 N . 1
—1) va (—g; 1) va dong bién trén (—1; —§> va (1; 00).
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i —x2—r+1 1
= lim -
“3_*00(\3/.7:3—;1:2—x—|—1)2+:c(\3/;1:3—:1:2—x+1)x~|—a:2 3

= Hamsocédltiémcanxiénlay =z — —.

3
. A e 1
TIIdngtl_Ikhlx—>—oo,tadu?chtlf;mcanXlenla:y:x—g.
A it ea e 1
Véay ham s0 c6 1 ti€m cén xién lay:x—g

4) Xét phuong trinh yy = 0 = D6 thi ham s6 cit Ox tai 2 diém (—1;0) va (1;0)
Do thi ham sb cit Oy tai diém (0; 1)
Bang gia tri:
x| -2 -1 0 1 2
y \ ~V9 0 1 0 V3

5) D6 thi ham s6:

$3

x?2+1
1) TXD =R
Ham s6 12 ham 1 do y(—z) = —y(z)Vx € TXD = D6 thi ham s6 dbi xing qua O.

c)y=
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4 3 2
2) Xéty = 220 > 0va € TXD.
(2 +1)
= Bang bién thién:
T —00 0 +00
Y + 0 +
+00
Y
—00

Ham s khong c6 diém cuc tri va dong bién trén R.

(42 + 62) (2% + 1) — 4 (z* + 32?)

3 Xét 4 - — O
) Y (z2 +1)°
= r[(4r? +6) (2> +1) —4(2* +32?)] =0= 2 (—222 +6) =0
=0 R
. (Péu 1a nghiém don)

r=+V3
N . . < 3vV3 3vV3
= P06 thi ham s6 ¢6 3 diém udn (—\/5; —T\/_> , (0,0), <\/§, %_)

4) Ham sb khong c6 tiém cin ngang va tiém can diing.

Xét: lim £ = lim =1
T—00 T z—00 | —+ I2

23
Xét: lim (y —x) = lim ( — a:)

T—00 z—00 \ 1 —+ 1,’2

= lim T 0
z—oo0 1 + 12
= Hams6 c6 1 tiém can xién la y = x.
Tuong tu khi x — —o0, ta dudc 1 tiém can xién la: y = x.
Vay ham s6 ¢6 1 tiém can xién lay =

5) Xét phuong trinh y = 0 = D thi ham s6 cit Oz tai 1 diém (0; 0)
Do thi ham sb cit Oy tai diém (0; 0)
Bang gia tri:
z]0 1

y |0

2
8
2 5
6) Do thi ham sb:

CLB H6 Tr¢ Hoc Tap
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Y
44,
y=x
34,
24,
YT et
14,
—4 -3 —2 -1 1 2 3 4 7T
_9]
T —2
dy=—=
x4+ 1
1) TXP = R
Ham s6 khong chin, khong 18, khong tuan hoan.
2 1
2) Xeéty = — -
(22 4+1)2
1
=y =0s1= —5
= Bang bién thién:
r | = ! +o0
2
y' - 0 +
-1 1

Ham s6 ¢6 1 diém cuc ti€u lax:—§

. ) 1 \ . 1
Ham so nghich bién trén (—oo; —5) va dong bien trén (—5; oo) .
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3 ety =0 T T3TH2 o 4 40y
(22 + 1)
T = #ﬁ (Péu 1a nghiém don)
= D0 thi ham s6 ¢6 2 diém ubn ting v6i v = #ﬂ
4) Ham s6 khong c6 tiém cén diing, tiém cin xién va c6 2 tiém cAnngang lay = 1 vay = —1.

5) Xét phuong trinh y = 0 = D thi ham sb cit O tai 1 diém (2;0)
Do thi ham s6 cit Oy tai diém (0; —2)
Bang gia tri:

x| -2 -1 0 1 2
W VR, V2
5 2 2

6) D06 thi ham sb:

y
y=1
1
IV D 1 9 3 4z
y=-1 |
\) = T2
v= 2+ 1
_30
2t
€T =
_ 42
0 1t2t
Yy =11

1) BKXb:t € R\ {—1;1}
Ham s6 z(¢) 1a ham 1¢.
Ham s6 y(t) khong chén, khong 18, khong tuan hoan.
2t% + 2
(1— )
= z; khong xac dinh & t = £1.
= Bang bién thién:

2) e Xétz, =
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t —00 -1 1 +0o0
x + + +
00 0 0

Ham sb x(t) dong bién trén tiing khoang xéc dinh.

2+ 2t

(141)

= y; khong xac dinh < ¢t = —1.
yy=0t=0Vt=-2

= Bang bién thién:

* Xéty, =

t —00 —2 -1 0 +00
Yy + 0 - - 0 +
4 00 00
—00 —00 0

Ham s6 y(t) dong bién trén (—oo; —2), (0; 00) va nghich bién trén (—2; —1), (—1;0).

. R 1
3) Tu bang bién thién, do thi ¢6 1 tiém can ding la z = 0 Gng v6i t = +00, ¢ 1 tiém can ngang y = 5
ung voi t = 1.
2(1-t%) . t(l—1t)

Xét lim ¥_ lim ————= = lim = -1
t—1x  t——1 2(1 + t)t t——1 2

I e L2 Ny e—t*4+2t —(t-2t 3
AT = AT e T AN T e TN T o T 2
A 3

Vay do thi ¢6 1 ti€m can x1eny:—x—§

4) Xét phuong trinh yy = 0 = ¢ = 0. Do thi ham s6 cit O tai 1 diém (0; 0)
Xét phuong trinh x = 0 = ¢ = 0 Dd thi ham s6 cit Oy tai diém (0;0)
Bang gia tri:

t1-3 -2 0 2 3
3 4 , 4 3
v 13 K
2 4 = i
Y173 0 3 3

5) D6 thi ham s6:
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y=1
-4 -3 =2 -1 0 1 2 3 4 7
—921
3
—3 - =
y=-2—

xr =2t —t?
ﬂ{ 3
y =3t—t
1) PKXD:t € R\ {-1;1}

Ham sb x(t) khong chdn, khong 1¢, khong tuan hoan.
Ham s6 y(¢) 1a ham 1€.

2) e Xétz,=2-—2t
=>u=0&t=1
= Bang bién thién:

t —00 1 400
4 + 0 -

1
x oo — T —x

Ham sb () dong bién trén (—oo; 1) va nghich bién trén (1; 00).
s Xéty, =3 — 3t?

=y =0t==+1
= Bang bién thién:
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t —00 -1 1 +0o0

yt - O + O -

NN

Ham s6 y(t) dong bién trén (—1; 1) va nghich bién trén (—oo; —1), (1;00).

3) Tu bang bién thién, d6 thi khong c6 tiém cén diing va tiém cin ngang
3t —t3

Xét lim ¥_ lim
t—+4oo t—+oo 2t — t2
Vay do thi khong co6 tiém can xién

;0), (
Xét phuong trinh = 0 = t = 0 V ¢ = 2 Dd thi ham sb cat Oy tai diém (0;0), (2;0
Bang gia tri:
t|—-2 -1 0 1 2

z| -8 -3 0 1 0
y|—2 -2 0 2 -2

4) Xétphuong trinhy = 0 = t = 0Vt = 4+/3. D4 thi ham s6 cit Oz tai 1 diém (0; 0),
)

0; \/g)v( §_\/§)
)

5) Db thi ham sb:

r =2t —t?
=B
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g) r=a+becosp, (0 <a<b)

1) TXD=R _
Ham s0 chan, tuan hoan véi chu ki 27 = Xét ham so trén [0; 27].

2) Xétr, = —bsingp
=1r'=0& ¢ =kr (Vi k € Z).
= Bang bién thién trén [0; 27]:

2 0 ™ 27

/

T — 0 +

r a+b\a_b/a+b

3) Doa —b < r < a+ bnén ham s6 khong c6 tiém can.

4) Xéty=rsing=0=p=krVp = arccos%a + k27 (k € Z) D6 thi ham sb cit O tai nhidu
nhit 3 diém (0;0), (a + b;0), (b — a; 0)
Xétx:rcoscp:O:>g0:ngkWVQo:arccos_Ta—l—k:%r(k € 7) Do thi ham s6 cit Oy tai 3

diém (0;0), (0; a), (0; —a)
Bang gia tri:

0 78 T 27
S — T
r 32 3
rla+b a+§ a a——= a-—2>b
5) D6 thi ham sb:
Yy
24,
1
4 -3 -2 9 4@
—1
—21 r=1+42cosyp

h) r = asin3yp, (a > 0)
1) TXb=R

N A 12 A N 4 . 2T PN A LA T T
Ham s0 1é, tuan hoan véi chu ki — = Xét ham so trén [—g; §]
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2) Xétr), = 3acos3yp

:>7"’:0(i>90:%+k§ 6i k € 7).
= Béng bién thién trén [—%; g]
o |7 i T T
3 6 6 3
r’ - 0 + 0 -

/a\

3) Do —a < r < a nén ham so6 khong co6 tiém can.

4) Xéty:rsin¢:0:><,0:k7TVg0:k%(keZ) Db thi ham sb cit Oz tai 1 diém (0; 0)

Xétx = rcosp = 0 = ¢ = g—l—kw\/go = k%(k € 7Z) Do thi ham s6 cit Oy tai 2 diém
(0;0), (0; —a)

5) P06 thi ham sb:

—21 r = asin 3¢

/
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